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THE 


NATURE  and  LAWS 

O  F 


Containing,  among  other  Particulars, 


The  Solutions  of  feveral  abftrufe  *$■ 
and  important  Problems.  4* 

The  Dodtrine  of  Combinations  ^ 
and  Permutations  clearly  deduced.  ^ 

A  new  and  comprehenfive  Pro- 
blem  of  great  Ufe  in  difcovering  J 
the  Advantage  or  Lofs  in  Lot-  2 
teries,  Raffles,  &c.  ^ 

Acurious  and  extenfive  Problem  *$* 

on  the  Duration  of  Play.  *$* 

•$* 

Problems  for  determining  the 
Probability  of  winning  at  Bowls, 
Coits,  Cards,  &c. 

•A? 

A  P  r  o  b  l  e  m'  for  finding  the  Trials  ^ 
wherein  it  may  be  undertaken 


that  a  propofed  Event  (hall  hap¬ 
pen  or  fail  a  given  Number  o^ 
Times. 

A  Problem  to  find  the  Chanch 
for  a  given  Number  of  Points 
on  a  given  Number  of  Dice. 

Full  and  clear  Inveftigations  of 
two  Problems,  added  at  the  End 
of  Mr  De  Moivre’s  laft  Edition  ; 
one  of  them  allowed  by  that 
great  Man  to  be  the  moft  ufeful 
on  the  Subjedt,  but  their  Demon- 
ftrations  there  omitted. 

Two  new  Methods  for  fumming  of 
Series. 


THE  WHOLE 

Mfter  a  new,  general ,  and  conspicuous  Manner, 

And  illuftrated  with 


A  great  Variety  of  Examples. 


By  THOMAS  SIMPSON, 

Teacher  of  the  Mathematicks, 

Printed  by  Edward  Cave,  at  St  John's  Gate.  1740.. 

And  fold  by  the  Bookfellers.- 


S  it  is  reasonable  to  exp  eft  that  one ,  who 
undertakes  to  lay  his  Thoughts  before  the 
Publick  on  any  Subject,  Jhould  be  able  to 
point  out  fome  Advantage  to  be  reaped 
from  it,  it .  may  not  be  improper,  firjl  to 
____  JberJi>  upon  Ground  I  was  induced  to 

hope  that  the  few  following  Sheets  might  be  of  Service,  and 
claim  a  Reception.  And  here,  I  ntujl  ingemou/ly  own  that 
what  had  the  greatejl  JVeight,  was  not  ary  immoderate  O- 
pinion  of  my  own  ‘Productions,  but  the  Scarcity  and  high  Price 
of  fome,  and  the  Imperfection  of  the  ref  of  the  few  Books 
at  prefent  among  us  on  the  Subjebty  mofl  of  thefe  being  wholly 
taken  up  with  a  few  low  Problems,  and,  what  is  fill  a  greater 
'  Defeff,  without  affording  any  General  Principles  whereby 
the  Thing  might  be  extended  farther .  There  is  indeed  but 
one,  that  I  have  met  with,  entirely  free  from  this  Objetlkn  • 
and,  tho'  it  neither  wants  Matter  nor  Elegance  to  recom¬ 
mend  it,  yet  the  Price  mufl,  I  am  fenftble,  have  put  it  out  of 
thePower  of  many  topurchafe  it ;  and  even  fome,  who  want 
no  Means  to  gratify  their  De fires  this  way,  and  who  might 
not  be  inclinable  to  fubfcribe  a  Guinea  for  a  fingle  Book , 

however  excellent,  may  not  fcruple  the  bef  owing  of  a  [mail 

a  Matter 


(  ii  ) 

Matter  on  one ,  that  perhaps  may  ferve  equally  well  for  their 
Purpofe . 

I  am  fatisfied ,  it  may  be  deem'd  a  fort  of  Prefumption  to 
attempt ,  upon  any  Account,  a  Subject  like  this ,  after  fo  great 
a  Man  as  Mr  Dc  Moivre;  and  that  fome,  who  would pafs 
for  confiderable  Judges ,  have  not  been  wanting  to  cenfure 
and  contemn  this  ‘Performance  already  on  that  Head,  before 
having  the  leaf  Knowledge  of  the  Particulars  therein  con¬ 
tained.  But  they  would  do  well  to  reflect,  whether  to  pro¬ 
ceed  thus,  may  not  prove  a  greater  Impeachment  of  their  own 
Judgment  and  Conduit,  even  among  their  Friends,  than  of 
his ,  whofe  Work,  without  any  Offence  given,  they  en¬ 
deavour  to  depreciate.  ;  '  -  *  ■; 

I  have  perhaps  as  high  an  Opinion  of  that  learned  Au¬ 
thor's  Productions  as  a?iy  of  thofe  Gentlemen.  But  does  it 
follow,  becaufe  one  P erf  on  has  done  well  on  this  Subjell, 
that  nothing  farther  can  be  neceffary  ?  Bejides,  it  is  not  every 
one  that  has  a  Genius  fitted  for  the  mo/I  exalted  Speculations 
or  that  is  capable  of  reading  the  Works  of  the  mofi  fublime 
and  celebrated  Authors',  and,  therefore,  tho '  I  flmild  go  no 
farther  than  to  bring  down  fome  of  the  befi  and  mofi  itfeful 
Things  already  known  to  the  Level  of  ordinary  Capa¬ 
cities,  I  Jhould  think  this  might,  in  fome  meafure,  ex¬ 
empt  me  from  Cenfure.  However ,  1  would  not  have  the 
Reader  conclude  from  hence,  that  he  has  nothing  more  to  ex¬ 
pect  in  thefe  few  Sheets  than  a  bare  Collection  of  low  Mat¬ 
ters 3  or  that,  like  fome  of  our  prefent  Mathematical  Wri¬ 
ters,  I  Jhould  be  poorly  ambitious  of  appearing  the  Author  of 
a  Performance,  that  would,  was  every  Bird  to  claim  his 
own  Feather ,  be  ft ript  as  naked  as  the  Jay  in  the  Fable . 


It 

\ 


C  Hi  ) 

It  is  not  my  Intention  to  fay  a  great  deal  in  behalf  of  this 
iVork,  knowing  that ,  if  there  be  a  real  Merit ,  it  will  beft 
recommend  itfelf  and  that ,  without  this,  it  will  be  in  vain 
for  me  to  hoy e  for  a  Reception :  Neverthelefs ,,  it  may  not  be 
amifs  to  point  oiit  fome  of  the  moft  ufeful  and  curious  Propo- 
fitions  therein,  and  make  fuch  ufeful  Obfervations  thereon,  as 
may  be  of  fome  Service  in,  or  fbew  it  not  unworthy,  the  PerufaL 

The  if  is  a  Propofition  ofUfe  thro' out  the  JVork,  and  there¬ 
fore  ought  to  be  wellunderftood  by  a  young  Beginner ;  towards 
which  the  fix  fucceeding  Cafes,  in  Illufl ration  thereof  will  not  a 
little  contribute,  fince,  by  them  alone ,  a  P erf  on,  but  tolerably 
skill'd  in  common  Arithmetic k,  may  foon  arrive  to  fomeProfici- 
ency  in  the  SubjeEt.  In  the  id  and  $d  Problems,  befides  other 
Things,  the  DoElrine  of  Combinations  and  Permutations  is 
clearly  and  fully  deduced.  Nor  is  the  $th,  Jhewing  the  Proba¬ 
bility  of  an  affigned  Event  happening  a  given  number  of  Times 
in  a  given  number  of  Tryals,  for  general  UJe ,  inferior  to 
either  of  them .  The  6th  is  very  comprehenfive,  and  of 
great  Ufe  in  Lotteries,  Cards,  &tc.  ’  And  the  \$th,for  finding 
the  Tryals  wherein  one  may  undertake  that  a  propofed  Event 
lhall  happen  a  given  Number  of  Times,  has  been  long  look' d 
on  as  a  Problem  of  the  great  eft  Note  and  Conference,  and 
is folv'd  in  a  more  general Manner  than  hitherto .  The  \6th, 
i  yth,  and  10th,  are  alfo  Problems  of  fome  Note  and  Diffi¬ 
culty.  But  the  lid  to  find  the  Chances  for  a  given  Number 
of  Points  on  a  given  Number  of  Dice,  and  the  15th  on  the 
Duration  of  Play,  are  two  of  the  moft  intricate  and  remark¬ 
able  in  the  SubjeEt,  and  both  folvy d  by  Methods  entirely  new . 
The  ijth  is  a  Problem  that  was  propofed  to  the  Public  fome 
time  ago  in  Latin,  as  a  very  difficult  one,  and  has  not  (that 
I  know  of)  been  anfwered  before..  And  the  14th  and  30 th* 

are: 


dii  ib$  'fim't  the  two  new  MtSi  added  m. the  .End of 
Mf  De  -  Moivtds  'lafi  Edition,.  whofe  Demonjlrations  that 
learned-  Author  Was  fkafed  to  referve  to  himfelf  and  are 
here -fully  and  clearly  imefligated ;  which  Problems  are  both 
(ftmfideWMb-  '1‘tnfoHdktf  ■eL.aftb,  in  the  Lemmas,  among 
dther'-Thitigs,  will  be  found  tWo'tiiw  Methods  for  famming  of 
Senes ;  and  -by  Help  of  one  of  them  the  Value  of  a  Series  of 
‘Powers,  whether  whole  or  broken ,  is  determined  in  a  more 

concile  and  general  Manner  than  heretofore.  - 
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pAgei,/.20.>i  lo.r.lof  20.  P.  13.  l.\.  for  ~-y  r.  ^  P.  ,tj.  I  n.  for  will 

&C.vn\l  P.  17?  /.  19.  for  Combination  r,  Continuation.  P.  18.  /.  14*  for  firft  r.  firft  of 
ffie  P  31  /  18  for  or  r.  &c.  or.  P.  36-  ^  fa*  the  2.  r.  the  Sum  of  the  2.  P.  36.  /.  13. 
/ortnle  Value  *  Value.  f  P,  n./orPlaces  r.  Place.  P.  43^-  ‘-fa*  betaken  r.  be  fo 

fekem  P.  54.  /.  4*  fa*  the  Points  ^r.  the 

Number  of  Points.  P.  j6.  I  2.  for  Probability  of  r.  Chances  for.  P.  70. 1  2..  for  —  r. 


— .  P .  79.  Line  la  ft,  for  Lem.  4.  r.  Lem.  7.  P.80  .l,s-fors=2,  2..  r.  —  2. 
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N.  B.  Allerfttion  inadvertently  made  in  the  ph  Problem ,  ^ 

the  Correction  of  thePrefs ,  without  remembering  that  the  Senfe  of  the 
two  fucceeding  ones  depended  'thereon ,  i/  0/  firft  fight  ^  as  if 

the  Solutions  /o  thofe  two  Problems  W00M  hold  nearly  true  only  in  very 
great  Numbers  \  whereas  they  are  in  all  Cafes  exactly  f  ?,  and  were  Jo 
intended  to  be  underftood  \  as  will  appear  firom  the  PerufaL 

s'  “  •  »  >  V  v  .,•/  •)  *  **■  C  ■  •  V  'a  (s'  ‘  '■  r 


O  F 


DEFINITION  L 

I E  Probability  of  the  Happening  of  an  Event  is 
to  be  underftood  as  the  Ratio  of  the  Chances  by 
which  that  Event  may  happen,  to  all  the  Chances 
by  which  it  may  either  happen  or  fail. 

As,  fuppofing  it  were  required  to  exprels  the  Probability 
of  throwing  either  an  Ace  or  Duee  at  the  firft  Throw  with  a 
Angle  Die ;  then  there  being  in  all  6  different  Chances  or  Ways 
that  the  Die  may  fall,  and  only  a  of  them  for  the  Ace  or 
Duce  to  come  upward,  the  Probability  of  the  Happening  of 
one  of  thele  will  be  £  or  -,  and  that  of  the  contrary  %  or  f  : 
Or,  more  generally,  fuppofing  there  be  a  Chances  for  the 
Happening  of  an  Event,  and  b  Chances  for  the  contrary  \  then 
■*  *  A  the 


The  Nature  and 


the  Probability  of  Happening  will  be  and  that  of 

Failing  1  —‘-^7*7. 

0  a-\-b  a+b 

COROLLARY. 

Hence  it  appears,  that  if, the  Probability  of  the  Happening 
of  an  Event  be  fubftra&ed  from  Unity,  the  Remainder  will 
be  the  Probability  of  its  Failing,  and  vice  verfa .. 

DEFINITION  II. 

THE  Expectation on  an  Event  is  confider'd  as  the  prefect, 
certain  Value,  or  Worth  of  whatever  Sum  or  Thing 
is  depending  on  the  Happening  of  that  Event,  and  is  com¬ 
pounded  of  that  Sum  and  the  Probability  of  obtaining  it., 

COROLLARY. 

Therefore,  if  the  Expe&ation  onan  Event  be  divided  by 
the  Value  of  the  Thing  expe&ed  on  the  Happening  of  that 
Event,  the  Quotient  will  be  the  Probability  of  Happening. 

EXAMPLE. 

Suppose  A  to  throw  once  with  a  Angle  Die,  on  Condition 
that  if  either  an  Ace  or  Duce  comes  up  he  fliall  be  intitled  to 
20  Shillings ;  then,  becaufe  the  Probability  of  his  receiving 
the  faid  Sum  is  \  ( Def.  I.)  }x  ao  s.  or  \  20  s.  will  be  the  Ex- 
pe&ation  in  this  Cafe. 

PROBLEM  L 

rrOfind  the  Probability  that  two  ajjigned  Events  Jhall  both 
happen . 


Let 


Laws  of  CHANCE. 

.  Let  the  Probability  of  the  Happening  of  the  firft  of  the 
two  Events  be  denoted  by  — and  that  of  the  fecond  by 

and  fuppofe  the  Happening  of  both  to  entitle  a  Perion 

£  to  the  Sum  <£  Now  if  the  firft  of  thefe  ftiould  happen, 
it  is  manifeft  that,  from  that  Time  till  the  fecond  is  determi- 

ned,  the  Expedation  of  B  will  be  — — ?x  <SL  or  fo  much  is  the 

Sum  that  he  might  in  that  Circumftance  receive,  as  an  Equi¬ 
valent  for  his  Chance  of  obtaining  the  Sum  S.  But  the  Pro-* 
bability  of  getting  into  this  Circumftance, ,  or  being  intitled 

to  the  Value  — being  only  his  Expedation  there¬ 
fore,  before  either  of  the  Events  is  decided,  can  be  only 

^+7’  Part>  of7Rx£  or  and  therefore  the 

required  Probability  of  receiving  it,  or  the  Happening  of  both 

the  Events,  only-^^x-q-^;  that  is,  the  Probability  that1 

any  two  affigned  Events  lhall  both  happen,  will  be  equal  to 
the  Produd  of  the  Probabilities  of  the  Happening  of  thole* 
Events  confidered  feparately. 


C  O  R  O  E  L  A  RY; 


Wherefore,  fince  the  Probability  of  the  Happening  oP 
each  of  thefe  Events  may  be  compounded  of  the  Pro¬ 
babilities  of  the  Happening  of  two  others,  as  well  as  that' 
of  receiving  the  Sum  S  is  of  them  two,  &c.  it  follows  that* 
the  Probability  of  the  Happening  of  any  given  Number  or 
Events,  i .  e .  that  they  fhall  all  happen,  is  equal  to  the  Pro- 

dud' 


The  Nature  and 

k  •  »  »  * 

dud  of  all  the  Probabilities  of  Happening  of  thofe  Events 
confidered  fingly. 

But  as  this  Conclufion  is  the  Bafis  whereon  all  the  fucceeding 
Calculations  are  founded,  it  may  not  be  improper  to  enlarge  a 
little  farther  thereon,  and  endeavour  to  render  the  fame  ftill 
more  familiar  and  eafy  by  a  Numerical  Exegefis,  in  order  to 
fhew  thole  who  are  not  fo  well  acquainted  with  Algebraic 
Computation  how  to  reafon  with  Certainty  on  the  Subjed. 

I.  Suppofe  Ay  holding  a  Angle  Die,  to  begin  to  throw,  on 
Condition  that  if  an  Ace  comes  up  both  the  firfb  and  lecond 
Throws  he  lhall  receive  i  /.  Now  if  an  Ace  lhould  come  up 
the  firft  Throw,  the  Expedation,  or  Worth  of  his  Chance 
would,  it  is  manifeft,  then  be  \  of  i/*  but  the  Probability  of 
getting  into  that  Gircumftance  being  but  g  ( Def  I. )  the 
required  Expedation  before  he  begins  ro  rhrow  will  v  be 
only  \  of  l  of  i  /.  This  divided  by  i  /.  gives  gx  J  for  the  Proba¬ 
bility  of  receiving  the  Sum  propofed,  {Cor.  to  Def  II.)  equal 
to  the  Prod-ud  of  the  Probabilities  of  Happening  of  two 
Aces,  when  confidered  feparately. 

II.  B  upon  certain  Confiderations  agrees  to  depofit  to  A 
the  Sum  of  50  Shillings,  if  in  the  three  firft  Throws  with  a 
finale  Die  the  latter  throws  three  Aces.  If  an  Ace  lhould 

o 

come  up  the  firft  Throw,  it  is  evident,  from  the  laft  Cafe,  that 
the  Expedation  of  A  would  be  ■  of  of  50  Shillings ;  but 
as  the  Probability  of  that  Happening  is  only  j,  his  Expecta¬ 
tion  before  the  firft  Throw  will  therefore  be  but  \  of  \  of 
-  of  50  Shillings ;  and  conlequently  the  Probability  of  his  re¬ 
ceiving  the  propofed  Sum  equal  to  the'Produd 

of  the  Probabilities  of  the  Happening  of  the  three  compo- 


s 


Laws  of  CHANCE. 

nent  Events  confidered  feparately  ;  agreeable  to  the  general 
Corollary. 

Note ,  If,  inflead  of  throwing  an  Ace  three  times  together 
with  a  fingle  Die,  the  Condition  had  been  to  throw  three  Aces 
at  once  with  three  Dice,  the  Expectation  would  have  been 
the  very  lame :  And  it  may  be  farther  obleryed,  that  in  divers 
other  Cafes,  where  one  Event  is,  or  may  be  conceived  to  be, 
compounded  of  feveral  others  more  fimple,  which  are  all  de¬ 
cided  at  the  fame  Time,  as  in  throwing  of  Dice,  it  will 
facilitate  the  Realbning  very  much,  to  fuppofe  them  determi¬ 
ned  one  by  one  in  a  fucceffive  Order. 

III.  Imagine  aHeap  of  x 6  Counters,  whereof  6  are  red,  and 
the  reft  black ;  and  a  Perlon  to  draw  out  a  of  them  blindfold : 
To  find  the  Odds  that  one  or  both  of  thole  lhall  be  red  ones. 
Xet  them  be  fuppoled  to  be  taken  one  at  a  time,  and  that,  if 
either  of  them  prove  red  ones,  the  Drawer  lhall  be  entitled  to 
a  given  Sum,  as  i  /.  If  the  firft  drawn  lhould  happen  to  be 
red,  his  Expectation  on  the  fecond  would  vanilh ;  for  as  the 
Happening  of  one  red  one  infures  to  him  the  propofed  Sum, 
it  cannot  be  of  the  leaft  Advantage  to  draw  another  red  one 
afterwards ;  and  therefore  the  whole  Expectation  on  the  fecond 
Counter  is  compounded  of,  or  depends  on,  the  Probability  of 
drawing  a  black  one  firft,  and  a  red  one  next  after.  Now  the 
Probability  of  drawing  a  black  one  firft,  is  |f ;  and  if  a  black 
one  lhould  be  drawn,  there  being  then  only  15  Counters  re¬ 
maining,  the  Probability  of  taking  a  red  one  next,  it  is  ma- 
nifeft,  would  be  and  the  Expectation  thereon  £  of  1  /.  But 
the  Probability  of  getting  into  that  Circumftance  being  only 
I*,  the  true  Expectation  on.thelecond  Counter  is  therefore  on- 
-Y  16  of  %  of  il.  which  added  to  ^  of  1  /.  his  Expectation  on 

B  the 


6 
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the  firft,  gives  |  of  i /.  for  the  total ;  wherefore  the  Probabi¬ 
lity  that  one  or  both  the  Counters  fhall  be  red  ones  is  J,  and 
the  required  Odds  as  5  to  3.  But  this  may  be  determined 
with  more  Facility,  by  firft  finding  the  Probability  that  nei¬ 
ther  of  the  two  Counters  fhall  be  red  ones ;  for  if  the  firft 
flhould  come  out  a  black  one,  of  which  the  Probability  is  •§, 
then  there  remaining  but  1 5  Counters,  the  Probability  of 
taking  a  black  one  next  would  be  * ;  which  drawn  into  (;|) 
the  foregoing  (See  the  Cor,)  gives  }  for  the  Probability  that 
both  the  firft  and  fecond  fhall  be  black  ones;  and  therefore  the 
Odds  are  5  to  3,  as  before  found. 

IV.  Let  there  be  a  Lottery,  confifting  of  100  Tickets, 
wherein  there  are  four  Prizes  :  To  find  the  Probability 
that  in  the  three  firft  Numbers  that  are  drawn  there  fhall  be 
one  or  more  Prizes.  Here,  as  in  the  laft  Cafe,  it  will  be 
convenient  to  find  firft  the  Probability  that  none  of  thofe 
Numbers  fhall  be  Prizes  :  In  order  to  which,  let  the  firft  be 
fuppofed  to  have  come  out  a  Blank ;  then  there  being  99 
Tickets  remaining,  and  95  of  them  Blanks,  the  Probability  of 
drawing  a  Blank  next  will,  it  is  manifeft,  be  g  5  which  there¬ 
fore  multiplied  by  £,  the  Probability  of  the  firft  coming  out 
as  fuppofed,  yields  ^xg  for  the  Probability  that  the  two 
firft  Tickets  that  are  drawn  fhall  be  both  Blanks.  If  both 
thefe  fhould  happen  to  be  fo,  the  Probability  of  taking  a 
Blank  next  will  be  %  which  therefore  drawn  into  *|xg  gives 
(£xgxg=^5)  the  Probability  of  drawing  all  three  Blanks; 
this  fubftrafted  from  Unity  (Cor.  to  Def  I.)  leaves -H*  for 
the  required  Probability  of  taking  one  or  more  Prizes ;  where¬ 
fore  the  Odds  that  all  the  three  are  Blanks,  areas  7*44 
5)41,  or  as  .  15  to  2  nearly. 

5  V.  £  holding  four  common  Dice,  bets  one  Guinea  to  two, 

that 
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that  one  Ace,  and  no  more,  comes  up  the  firft  Throw :  To 
find  his  Advantage  or  Difadvantage.  Let  the  Dice  be  conceiv¬ 
ed  to  be  thrown  one  by  one:  Then  if  the  firft  fhould  come  up 
an  Ace,  the  Probability  of  miffing  the  Ace  all  the  next 
three  Throws  being  £x|xf  (Cafe  II.)  the  Probability 
that  the  firft  comes  up  an  Ace,  and  all  the  reft  otherwife,  is 
£  of  gx|x|=^.  But  fince  this  is  only  one  of  four  Ways 
by  which  £  may  win,  or  becaufe  there  is  the  fame  Chance 
that  the  ad,  or  3d,  or  4th,  may  come  up  an  Ace,  and  the  reft 
otherwife-,  £|x  4=]-  will^  it  is  evident,  be  the  Probabi¬ 
lity  of  £*s  winning}  wherefore  his  Expectation  on  the  three 
Guineas  is  ^  of  that  Sum,  from  which  deducing  his 
own  Stake,  there  remains  ^  of  a  Guinea  =$s.  3d.  §  for  the 
required  Advantage,  or  lb  much  is  the  Sum  that  he  might 
give,  upon  an  Equality  of  Chance,  to  another  Perfon  to  lay 
him  the  fame  W ager. 

VI.  One  with  a  Angle  Die  propofes  to  throw  the  Ace  twice 
before  either  the  Duce  or  Tray  comes  up  once ;  To  find  the 
Odds  againft  him.  There  is  given  the  Probability  that  the  Ace 
comes  up  the  firft  fignificant  Throw,  where  either  Ace,  Duce 
or  Tray  mu  ft  come  up,  equal  to  f,  which  is  alfb  the  Proba¬ 
bility  of  the  fame  Thing  happening  the  fecond  fignificant 
Throw }  wherefore  the  Probability  that  an  Ace  ihall  come  up 
both  thofe  Throws,  it  is  evident,  will  be  j  of  f,  or  and 


the  required  Odds  as  8  to  1. 

PROBLEM  II. 

r  ET  any  given  Number  (n)  of  Letters ,  as  J ,  B ,  C \  D,  E\ 
&c.  or  Things  reprefented  by  them ,  be  difpofed  in  a  regu¬ 
lar  Order ;  and  let  a  given  Number  (p)  of  them  be  taken , 
one  by  oney  as  it  happens-.  To  find  the  ‘Probability  that  they 

pall 
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Jhall  come  out  according  to  the  very  Order  in  which  they  are 
placed',  as  A  i//,  B  a d,  C  3  d,  &c. 

SOLUTION. 

Since  there  are //Letters  in  all,  the  Probability  of  drawing 

A  firft  is  If  A  fhould  be  lo  drawn,  then  there  remaining 

n —  1  Letters,  the  Probability  of  taking  B  next  will  be  — - — 

ti —  1  "> 

whence  (Cor.  to  Trob.  I.)  it  is  manifeft  that  the  Probability 

that  A  is  taken  firft  and  B  next,  is  -x  — — .  If  thefe  two 

n  n —  1 

fhould  be  io  taken,  the  Probability  of  drawing  C  next  will 

be — - — ,  becaufe  then  only  n — 2  Letters  will  be  re- 

maining  :  Wherefore,  (by  the  Came  Cor.)  -x - x - is 

?  w  J  '  n  n — 1  n — 2 

the  Probability  of  taking  the  three  firft  according  to  the  Or¬ 
der  propofed  :  Whence,  from  the  Manner  of  the  Procefs,  it  is 
evident,  that  the  Probability  of  coming  out  of  the  4,  y  or 

6  firft,  &c.  according  to  the  fame  Order,  will  be  ix — - — x 
’  0  ’  n  n — 1 

1  111  1  11  111 

- x - ,  -x - x - x - x - ,  or  -x - -x- - x 

n  —  z  n — 3  n  n — 1  n — 2  n — 3  n — 4  n  n — 1  n — 2 

— —  x— —  x - ,  &c.  refpe&ively ;  and  confequently  that 

n — 3  n — 4  n — 5 

the  required  Probability  is  -x — - — x — — x— — ,  Sfc.  continu- 
1  n  n — 1  n — 2  n — y 

£  t  '  (  j  "  >:  p : -  |  L  f 

ed  to  p  Factors,  or - - ,  whofe  Denominator 

nxn — ix// — 2,  oCc. 

confifts  of  the  fame  Number  of  Fa&ors. 


COROLLARY. 

Hence  if^  befuppoled  =//,  or  all  the  Letters,  or  Things, 

be 
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be  to  be  taken,  the  above  faid  Probability  will  become 
7— — - - 5- — - - :  Therefore  fince  there  is  but  one 

Chance,  or  Way,  for  all  the  Letters,  or  Things,  to  come  out 

in  that  Order,  it  follows  that  the  whole  Number  of  Permu- 

*  »  %  r  ^ 

tations,  or  all  the  different  Ways  which  the  fame  Things  can 
pofllbly  be  taken,  will  be  the  Denominator  of  that  Fraftion  : 
Or,  1x2x3  X4,  &c.  continued  to  as  many  Fa&ors  as  there 
are  Things,  ( Def  I.) 

EXAMPLE. 

Suppose  it  were  required  to  find  the  Number  of  Changes 
on  7  Bells;  then  taking  the  firft  7  Fa&ors  of  ix 2x3x4, 
&Cc.  and  multiplying  them  together;  there  comes  out  J040, 
for  the  Number  that  was  to  be  found. 

'  *-t  f  ■ .  *■  ,  r  « 

PROBLEM  III. 

JF  out  of  any  given  Number  (//)  of  Things ,  as  si,  B,  C,  D, 
E,  F,  &c.  a  F  erf  on  be  to  take  a  given  Number  (p)  of  them, 
as  it  happens ;  what  is  the  Frobability  that  the  Things  fo 
taken  fait  be  the  (p)  firf  of  the  foregoing  Order ,  as  si,  B,  C, 
and  D,  &c.  . .  ...... 

[  SOLUTION. 

Let  the  Things  be  taken  one  by  one;  thenbecaule,  in  the 
Whole,  there  are  p  affigned,  the  Probability  of  drawing  one 

of  thefe  firft  will  be  If  one  of  thole  Ihould  be  drawn. 

r  ft  .  y 

then  there  remaining  n—i,  of  which/— i  will  be  of  the 
Affigned  ones,  the  Probability  of  drawing  one  of  thele  next 

would  be  f wherefore,  (  by  Cor.  to  Frob. 

n—  i  7  '  .  J  n  «—  r> 

C  will 
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will  be  the  Probability  that  the  two  firffc  taken  fhall  be 
both  of  the  Affigned  ones.  If  both  thofe  fhould  be  fo, 
the  Probability  of  tak  ing  another  of  the  Affigned  ones  next, 

it  is  obvious,  would  be  ;  therefore  {by  the  fame)  the  Pro- 

bability  of  all  the  three  firft-  being  of  the  Affigned  ones  is 

;  Whence,  from  the  Method  of  the  Procefs,  it 
n  n — i  n — 2  ,,  . 

is  manifeft  that  the  Probability  fought  will  be  p* 


*  **-•. 

*xfl~3x£z4  &c.  continued  to  p  Factors ;  Or,  which  is 
n — i  0—3  n — 4 

the  fame,  =?  *  1  *  2  x£~3  >  where  the  Numera- 

y  0x0 — lx# — 2x0—3,  ccc. 

tor  and  Denominator  conlift  each  of  p  factors :  But  the  Fac¬ 
tors  in  the  Numerator  forming  an  Arithmetical  Progreffion, 


whofe  greateft  Term  is  and  common  Difference  1,  and 
the  Number  of  Terms  being  /,  theleaft  Term  orFadormuft 
neceffarily  be  =1,  and  the  faid  Numerator  in  an  inverted 
Order,  1  x  a  x  3  x  4,  &c.  to  ^ ;  and  confequently  the  Probabi- 


i  x  2  x  3  x  4 


n  x  n —  1  x  n —  2  x  n — 3 


,  &c. 


COROLLAR 


If  the  /  Things,  drawn  one  by  one,  as  above,  be  mixed 
again  among  the  reft  5  and  a  fecond  Perfon  afterwards  draws,, 
at  random,  an  equal  Number,  f,  at  once,  it  is  manifeft,  that 
the  Probability  of  his  taking  the  very  fame,  or  any  other,  /, 


Affigned  ones,  will  be 

^  V  .  r  .  1  lilt)  ”5 


I  X  2  x  3  X  4 


— ,  &c.  the  fame 

, , ,  • ;  ...  0x0—  1x0 — 2x0—3  /.  •  .  r 

as  above  \  and  therefore  fince  there  is,  here,,  only  one 

Chance  or  Way  for  taking  the  laid  ^  affigned  Things,  this 

one  Chance  mult  be  to  the  whole  Number  of  Chances,  01  all 

4-1-1  #3 


1-  * 


II 


\ 
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the  feveral  Ways  that  /  Things  can  be  fo  taken  in  n  Things, 
astheNum.  of  the  above  Fra&ion  to  its  Denominator,  by 
Def.  I.  Wherefore  the  Number  of  Combinations,  or  different 
Ways  by  which  7t  Things  may  be  taken,/  by/,  is  equal  to 
nxn — 2x;/ — 3  £tc.  to /  Fadors,  n  n — 1  n — 2  n — 2  n 
1x2x3  &c.  to p  Faftors, °r  ' 

continued  to  as  many  Fa&ors  as  there  are  Things  in  one  Com-  - 
bination. 

E  X  AMP  L  E. 

Let  it  be  required  to  find  how  many  different  Pairs,  or 
Combinations,  of  two,  can  be  made  with  four  Aces.  Here  ta-  * 

king  -x - -  the  two  firft  Fa&ors  of  the  general  Expreffiom, 

(becaule  two  are  the  Things  in  one  Combination)  and  writing  • 

fourinfteadof  we  have  -x- — -  =6  for  the  Number  that 

1  2 

was  to  be  found.  . 

pro  b  t  e  m  mr 

f'HERE  are  feveral  Sorts  of  Things ,  or  Letters ,  as  a  a 
bb  bbb,  c  cc  c, .  d d d d d d d d,  to  be  mixed promifcuoujly 
together ,  in  order  to  be  taken  one  by  one ,  as  it  happens: 
What  is  the  T  rob  ability  that  any  given  Number  of  the fe 
Sorts  come  out  in  the  very  Order  here  exhibited \  i.  e.  that  all 
the  a9 s  come  out  firft ,  all  the  bys  next ,  &c.  &c. 

SOLUTI  ON. 

Since  the  Number  of  Letters  of  all  Sorts  is  here  20, 
and  that  of  the  firft  Sort  3  ;  the  Probability  that  thele 
fhall  be  all  taken  before  a  Letter  of  any  other  Sort,  is  ~x 
*9Kh)  (b  the  laft  Trob.)  If  thefe  fhould  be  fo  taken,  the 

Pro- 
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Probability  of  drawing  the  b’s  next  in  Order,  it  is  manifeft, 
would  be  (by  the  fame)  :  Wherefore  the  Pro¬ 

bability  that  both  a’s  and  b’s  fhall  be  taken  in  Order 
will  be  J-  x  &  x  l  x  t  x  i  (£jy  Prob.  I.)  In  like  manner 

the  Probability  of  taking  the  three  firft  Sorts  in  Order,  will 
be  had  which  is  alfo 

the  Probability  of  taking  all  the  four  Sorts  in  Order,  becaufe 
when  the  firft  three  of  them  are  fo  taken,  the  laft  muft  follow 
of  courfe.  -7  -  '-r  "  7  > 

CORO  L  LARY, 

If  the  Number  of  Letters,  or  Things,  of  the  firft  Sort  be 
of  the  lecond  Sort  q,  of  the  third  t ,  SCc.  and  if  u  be  the 

whole  Number  of  Tilings  of  all  Sorts  :  It  is  evident  by  In— 

fpeftion,  from  the  foregoing  Procefs,  that  the  Probability  that 
any  Number  of  thofe  Sorts  will  come  out  in  the  propofed 

Order  is  v 

x  x  ax  3,  &c.  to  p,  x  1x2x  3,  &Cc.  to  x  1x2x3,  &c.to  r,  &c. 
nxn —  1X// — ax»— 3x7/ — 4x7/ —  5x77 — 6  xn — 7x7/ — $xn — p,&c. 

where  the  Numerator  confifts  of  as  many  Series  as  there  are 

- 

Sorts  to  be  taken  in  Order,  and  the  Denominator  of  as  many 
Factors  as  there  are  in  all  thofe  Series. 

PROBLEM  V. 

CUppoftng  the  Proportion  of  the  Chances  for  the  Happening 
O  0f  m  Event  to  the  Chances  for  its  Failing  be  as  a  to  f 
in  any  one  Tryaf  and  (it)  be  the  Number  of  'Tryals :  To  find  the 
Probability  that  the  Event  happens  precifely  (p)  times  in  thofe 
Tryals. 

SOLUTION. 

Since  the  Probability  of  Happening  of  the  Event  at  any 

one 
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one  affigned  Tryal  is  and  that  of  the  contrary  • 

the  Probability  that  it  ihall  happen  all  the  /  firft  Tryals 
and  fail  all  the  reft,  will  therefore  (by  Cor.  to  Trob.  I.)  be 


aL 


x 


afb?  But  as  there  is  the  fame  Pr°ba- 

bility  for  its  Happening  any  other  p  affigned  Tryals,  and  Fail¬ 
ing  the  reft,  it  is  manifeft  that  as  many  different  Ways  as  p 
Things  can  be  taken  or  combined  in  n  Things,  juft  fo  often 

a^bn^ 

ought  the  laid  Probability  ==~-  be  repeated  to  give  the 

a+o\ 

Value  fought;  Wherefore  that  Number  of  Ways  orCombina- 
tions  being  _x-—— x— —  ,  &c.  to/  Favors,  (by  Trob.  III.; 

apbn~}  n  n — 

a+b]n  *  TX_T 

Value,  Q^E.  I. 


i  n — 2  n- 

-x - x— 


will  conlequently  be  the 


COROLLARY. 


Hence,  if  /  be  taken  equal  o,  r,  a,  3,  &c.  fucceftively, 


the  laid  Value  will  become 


bn 


nb'1-' 


a 


d+b 1”’  a+b,”’  "  a  "dfb\ 

n — 1  n — 2  bn  3  <2 5  . 
n  x  x  >  &c*  f°r  the  Probability  of  Happening 

precifely,  o,  i,  2,  3,  &c.  times,  relpe&ively ;  where  theleve- 
ral  Terms  are  thofe  of  the  Binomial  b+a  raifed  to  the  Power 
whole  Index  is  n,  divided  by  that  Power.  And  therefore  if 
from  the  Binomial  b-\-a  railed  to  the  ft  Power,  all  the  Terms 
where  the  Indices  of  ci  are  lels  than  p^  be  taken  and  divided 
by  a+b}\  the  Quotient  will,  it  is  manifeft,  exprefsthe  Pro¬ 
bability  that  the  propoled  Event  Ihall  not  happen  lo  often  as 

t times  in  the  given  Number ;/  of  Tryals :  But  if  the  remain- 

D  ing 


74X 


n—  1 

2  -  1  /.!»> 
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ing  Terms,  or  thofe  where  the  Indices  of  a  are  not  Ids  than 
p j  be  divided  by  the  Quotient  will  then  be  the  Pro¬ 

bability  that  it  lhall  happen,  at  leaft,/  times  in  thofe  Tryals. 

EXAMPLE  I. 

y/,  vvith  four  Dice,  undertakes  to  throw  one  Ace  and  no 
more  at  the  firft  Throw ;  What  is  the  Odds  again  it  him? 

By  confidering  the  Dice  as  thrown  one  by  one,  and  the 
four  Throws  as  fo  many  Tryals,  we  have  ^=4,  /=i,  a= 1, 

b=5,  and  therefore  eclual  t0  4  =  id  *or 

the  Probability  of  throwing  one  Ace  precifely ;  Wherefore 
that  of  the  contrary  is  and  the  required  Odds  1  to  125, 
or  8  to  5  nearly. 


E  X  AMPLE  II. 

Supposing  One  to  throw  up  nine  Half-pence;  What  is 
the  Odds  that  there  come  up  more  than  three  Heads  ? 

Here  ( by  fuppofing  as  in  the  above  Cafe  )  n  will  be  =5), 
a=’i,  and  b=i  ;  Wherefore  taking  the  4  firft  Terms,  1  +y  + 

(=130)  of  r+i  raifed  to  the  ^th  Power,  and 
dividing  their  Sum  by  i+7|9  (=512)  according  to  the  Co¬ 
rollary,  there  will  be  for  the  Probability  that  there  come 
not  up  four  Heads;  Therefore  the  Odds  are  exa&ly  as i^i to  65. 

EXAMPLE  III. 

There  is  a  Lottery  confifting  of  a  great  Number  of 
Tickets,  whereof  the  Prizes  are  to  the  Blanks  in  the  given 
Proportion  of  1  to  3  :  What  is  the  Odds  that  in  taking  feven 
Tickets  there  ftiall  come  out  two  Prizes  ? 

Suppofe  the  Tickets  to  be  taken  one  by  one ;  and  let  it  be 

firft 


f 
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firft  inquired  what  the  Probability  is  that  there  come  not  out 

two  Prizes;  Then  n  being =7,  ^==1,  b=$,  and/=2,  we  fhall 

: 

for  the  Anlwer ;  and  therefore  the  re- 


bn  4-  nbn  la 


have 


a 


quired  Odds  well  be  as  4547  to  3645.  But  it  muft  be  ob- 
ferved  that  this  Proportion  is  not  exa&ly  true,  as  in  the  fore¬ 
going  Cafes ;  for  here  the  Ratio  of  a  to  b,  or  the  Probability 
of  drawing  a  Prize,  will  not  every  Tryal  be  exactly  the  fame, 
but  greater  or  leffer  according  as  a  greater  or  leffer  Number  of 
Blanks  has  been  before  taken ;  whereas  in  Dice,  &c.  the  Pro¬ 
bability  of  throwing  a  given  Face,  &c.  ever  continues  the 
lame  However  when  the  Number  of  Tickets  is  large,  the 
Alteration  of  the  Ratio  |  being  then  final  1,  this  Method  of 
Solution  will  be  fufficiently  near  the  Truth;  but  in  other 

Cafes,  or  where  a  rigid  Accuracy  is  infilled  on,  it  will  be  bed 
to  have  reference  to  the  8th  Problem. 

N.  B.  That  an  ExpreJJion  placed  in  a  Parenthejis ,  imme¬ 
diately  after  any  ‘Product  or  Series ,  is  every  where  pit  to 
Jhew  the  Number  of  Factors,  or  Terms ,  to  which  that  Pro- 
dull  or  Series  is  to  be  continued ;  As  (p)  at  the  End  of 
n  x  n —  1  x  n —  2  x  n —  3.,  or  n  x  n —  1  x  n —  ixn —  3  (p)  fkews 
that  the  Produli  nxn — 1  xn — 2,  &c.  is  to  be  continued  to 
as  many  Pallors  as  there  are  Units  in  ( p ). 

PROBLEM  VI. 

.  1  )Q  ,  |  J  -j  f  I  a  |  V‘  •  *  T/f  "  j  f  .  ?  *  •  )  t  f  r  *  ’tA  •  ,  r  *. 

'  .<  *  -  < j  '  :  ‘  '  '  ^  '  v  c  4  *  .  Af 

rrHERE  is  a  given  Number  of  each  of  fever  al  Sorts  of 
Things ,  (of  the  fame  Shape  and  Size),  as  (a)  of  the  firjl 
Sort ,  (b)  of  the  fee  on  d,  &c. put  promifcuou/ly  together ;  out  of 
*  which  a  given  Number  (m)  is  to  be  taken,  as  it  happens  ; 
To  find  the  Probability  that  there  jhall  come  out  precifely  a 

given 


IT 


The  N ature  and 

given  Number  of  each  fort ,  as  (/)  of  the  firf,  (of)  of  the 
fecond ,  (r)  of  the  third,  i3c. 

SOLUTION. 

In  order  to  render  the  Solution  of  this  Problem  as  eafy  as 
may  be,  let  the  Things  of  the  firft  Sort  be  fele&ed  from  the 
reft,  and  of  thole  conceive  the  given  Number  p  to  be  placed 
between  A  and  B,  or  in 

the  firft  Divifion  of  the  n  l  b—<p  |  c—r  d—f_  \r 
line  AE,  and  the  reft:  be-  R  S  T 

tween  Q_  and  R,  or  in  ;  -  ■  ■ 

the  firft  Divifion  of  QV : 

In  like  Manner,  let  the  ft  t  ,  r _ f _ E, 

Things  of  the  fecond  and  •  BCD 
third  Sorts  be  Elected 

and  be  difpofed  of  after  the  fame  Merhod  in  the  fecond  and 
third  Divifions  of  thofe  Lines  relpectively  :  And  let  us  firft 
inquire  how  many  Combinations  may  be  made  of  m  Things 
in  the  Line  AE,  by  mutually  changing,  one  by  one,  the 
Things  in  that  Line  for  thofe  in  the  other  Line  QV,  under 
this  Reftri£tion,  that  in  every  Combination  the  Number  of 
Things  of  each  Sort  lhall  ftill  continue  the  lame :  Then  be- 
caufe  the  lame  Number  of  Things  of  each  Sort,  or  in  each 
Divifion  of  both  Lines,  is  to  be  preferved,  a  Thing  of  the 
firft,  fecond,  or  third  Divifions  of  the  lower  muft  always  be 
changed  for  one  in  the  correlponding  Divifion  of  the  upper ; 
and  therefore  it  is  manifeft,  that  as  many  W ays  as  p  Things 

can  be  taken  in  a  Things,  which  is  ~x— — -x^  -  (/’)>  ¥  rob.  3. 

» ■  ■■I  <  ^  3 

fo  many  Combinations  may  be  made  in  the  Line  AE,  orQV, 

without  changing  any  one  of  the  Things  befides  thofe  in  the 

firft 
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firft  Divilions  of  thole  Lines  :  And  for  the  lame  Realons  it 
is  evident,  that  the  Number  of  Combinations  in  each  of  the 
lame  Lines,  without  changing  any  Thing  befides  thole  in 

the  lecond  or  third,  8tc.  Diyilions,  is  -x- — -x- — -  ,  (rq)  or 


c  c — 

-x — 
I  2 


I  C- 
— X  — 


(r),  &c.  refpeftively.. 


fucceeding  Divilions,  -  x 


a  a~~~~  I  a — —  2 

X — - 


But  lince  -x - x — —  (q)  the  laid  Combinations  in  the 

123 

firft  Divifion,  may  be  repeated  every  time  a  Thing  of  the 

lecond  Divifion  is  changed  without  altering  any  thing  in  the 

„  b  b —  1  b  —  2 

(  P)  into  -  x- - x - 

2  3  vx  12  3 

(y)  mull  confequently  be  the  Number  of  all  the  Combinati¬ 
ons  that  can  be  produced  by  changing  the  Things  of  the  firft 
and  fecond,  without  affe&ing  thole  of  the  other  Divilions. 
But  this  Number  of  Combinations  may  in  like  manner  be 
repeated  every  time  a  Thing  of  the  third  Divifion  is  changed; 
and  therefore  all  the  Combinations  that  can  be  produced  un¬ 
der  the  propoled  Reftri&ion,  without  changing  any  of  the 
Things  befides  thofe  of  the  three  firft  Divilions,  will': be 

0); 


a  a — 1  a — 2  ,  .  .  b  b—  1  b 
-x  -  -x - (f>)  in.  -x - x- 


'1  -  V  .  C  C — I  C — 2 


-  ( q )  in.  -x 

3  x  2, 


x- 


is  2  3  1  2  3  12  3 

from  whence  the  Procefs  and  Law  of  Combination  are  mani- 
feft.  Wherefore,  having  now  found  all  the  pollible  Ways 
that  the  Things  can  be  taken  to  have  the  propofed  Numbers 
of  each  Sort,  we  are  next  to  lee  how  many  W  ays  the  lame 
Number  (m)  of  Things  may  be  had  without  any  Reftriction. 
This  Number  of  Ways,  if  n  be  put  =a-\-b-\-c,  &c.  the  whole 

~x  - — -  (m)  (by  the 
4 

afire-  • 


Number  of  Things,  will  be  -x 


n  n — 1  n- 
x 


E 


17 


The  Nature  and 


aforenamed  Problem)  :  And  therefore 

a  a—  i  a — 2  ,  *  .  b  b — 1  b—  2  *  \  .  v 
-x- — -x - -  (p)  m.-x - x - 

/  j  2  2  1 


f-  f  rv 


3 


C  C — I  C — 2  ,  . 

x— —  x—  (r) 


n  n—  1  n — 2  n — 3  n — 4  ^ — $ 

-x - -  x - x - -x - -x — — 

1  2  3  4  5  6 


(^) 


muft  confequently  be  the  Value.  E.  I. 


COROLLARY  I. 


He  nce  if  the  Number  of  Things  of  each  Sort  be  equal, 
and  thole  propofed  to  be  taken  of  each  alfo  equal,  and  w  be 
put  for  the  Number  of  Sorts,  the  Probability,  it  is  manifeft, 


will  become 


COROLLARY  II. 


When  there  are  only  two  Sorts  of  Things,  then  cyd,  r ,  x, 
&c.  become  =0,  a+b=ny p+q=my  and 


a  a — 1  a — 2  /.v  .  b  b — 1  b — 2  ,  v 
-x - x -  (/)  in,  -x - x—  (q) 

12  3  1  2  3 


n  n — 1  n — 2  n — 3 


equal  to  the  required 


—X* 

1  2 


•X 


( m ) 


3  4 

Value  in  that  Cafe;  which,  when  it  is  propofed  that  no 
one  of  the  firft  two  Sorts  fliall  be  taken,  will  become 

^  ^ _ j  Jy  2  b _ 2  j 

-x- - x - -x - -  (m),  becaufe  then  p  is  =0,  and 

n  n — 1  n — 2  ^-*-3 


EXAMPLE  I. 

Jfc. 

In  a  Lottery  confifting  of  pp  Tickets,  whereof  there 

are  two  Prizes  of  1000/.  and  five  of  100/.  What  is  the 

Pro- 
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Probability  that  in  taking  6  Tickets  there  lhall  be  juft  one 
Prize  of  each  of  thofe  two  Sorts?  Here  n  being  =99,  m—6^ 
a=iy  ^—5,  c= 92,  d~o,  &c.  /—i,  y—  i ,  r= 4,  .r—o,  &c. 
the  Value  fought,  by  the  general  Theorem,  will  be  equal  to 
*x-5x^x^xfx8^  23x25x80x01  4656025  1 

?xf  xfxfxf  x^4  i5>X22X45)X5>4X5)7  186760876’  40 

nearly.  *  * 

EXAMPLE  II. 

Suppose  One  to  draw  four  Cards  out  of  the  whole  Pack; 
and  let  it  be  required  to  find  the  Odds  that  there  lhall  not 
come  out  juft  one  of  each  Sort,  as  one  Heart,  one  Diamond, 

&Cc.  Becaufo,  ?/,  the  whole  Number  of  Things  (or  Cards)  is 
here  =52,  thofo  taken  (or  m)  =4;  ( w )  the  Number  of 
Sorts  =4;  a,  b,  c  and  d ,  each  =13  ;  and  /,  y,  r  and  s  each 

T?4 

=  1  :  By  Cor.  I.  we  have  -5>  =£g~5  for  the  Probability 

I  X  z  X  3  X  4 

of  Happening ;  therefore  that  of  the  contrary  is  ~8fs}  and  the 
required  Odds  as  18628  to  21517,  or  nearly  as  8  to  1. 

EXAMPLE  III. 

Let  there  be  a  Heap  of  twenty  Cards,  wherein  are  foven 
Diamonds,  fix  Hearts,  four  Spades,  and  three  Clubs ;  To 
find  the  Probability  that  in  drawing  eight  of  them,  at  a  Ven¬ 
ture,  there  lhall  come  out  juft  three  Diamonds  and  two  Hearts. 

Here,  becaufo  the  Anfwer  is  reftrained  only  to  the  taking 
of  three  Diamonds,  two  Hearts,  and  three  other  Cards  that 
are  neither  Diamonds  nor  Hearts,  thefe  laft,  or  all  the  Black 
ones,  in  refped  to  the  general  Theorem,  may,  it  is  manifeft, 
be  confidered  as  one  Sort.  And  we  lhall  have,  ^=7,  $=6, 
c= 7,  n= 20,  8,  /—3,  y=2,  r=3  ;  and  therefore 

?* 


10 


The  Nature  and 


’-x|xfx?x|x?x|x| 


35x35  _i  115 


- the  Probability: 

17x151x26  3^7  8  J 

Wherefore  the  Odds  is  as  2755  to  1 225,  or  as  5)  to  4  nearly. 


2°v  j9vi8v  ‘7 v  Is v  i4v IJ 
*  X2X3  X4X5  X6X  7X  8 


EXAMPLE  IV. 

There  is  a  Lottery  confifting  of  10,000  Tickets,  among 
which  are  three  particular  Prizes *,  What  is  the  Odds  that  a 
Perlon  in  taking  2000  of  them  Ihall  not  have  all  thole  Prizes? 
As  it  matters  not,  here,  whether  there  be  other  Prizes  in  the 
Lottery  befides  thefe  three,  the  other  5>5>5>7  Tickets  may  be 
all  confidered  as  Blanks ;  and  then  the  Probability  of  taking 
the  three  Prizes  with  15)5)7  of  thele  Blanks,  (by  the  Theorem 

in  Con  II.)  «  =  ?^?Kc.to,yi,7F,aog 

^x^x^8  &c.  to  2000  Fadors  *  ms 

Exprellion,  by  reafon  of  the  great  Multitude  of  Fadors  it 
involves,  mull:  be  impradicable  without  a  proper  Method  of 
Redudion,  and  as  this  will  always  be  the  Cale  where  the 
Number  of  Things  taken  is  very  large,  it  may  not  be  im¬ 
proper  to  lhew  here  how  the  Theorem  itlelf  may  in  thole 
Cafes  be  contraded.  In  order  thereto,  equally  multiplying 
both  Numerator  and  Denominator  by*ix2X3X4  (; m ),  our  laid 

Theorem  ( Vid .  Cor .  II.)  will,  it  is  manifeft,  firft  become 
a  a —  1  a — 2  * .  7 

Yx — “ — x — (?) int0  b*b —  1  xb —  2 (q)  into mxm —  1  xm —  2 (p) 

*■"■■■  ■  — '  1  ■  1  -  ■  ■  ■■■■—'  ■  — — — — ^ _  ♦ 

nxn — 1  xn — 2 xn — $xn — 4 xn — 5  (m)  9 

where,  by  breaking  the  Denominator  into  two  Parts,  lo  that 

the  firft  Fador  of  the  latter  may  be  =?,  it  will  next  ftand  thus, 
a  a — 1  a — 2  .  x  .  7  .  7  .  .  . 

7X — 7~x - \T) in*  bxb—\xb — 2  (q)  in.  mxm —  1  xm—i  (p) 


nxn — 1  xn — 2 xn — 3  (a)  in.  bxb — 1  xb — 2  (m — a) 
where  equally  dividing  by  bxb—ixb—2  (m—a)  it  becomes 
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ZI 


a  & — i 

~x - - 

I  2 


(f)  in-  aJrh  —  ^xa^l — m — i  (a-\*q — m)  in.  tnxm—i 


nxn — ixn — 2xn — 3x72 — 4  (a) 

where  puting  k  for  a+b— m  =  the  Things  remaining  after 
{ni)  the  propofed  Number  is  taken,  and  for  a-\-q—m  its 

equal  a— f9  it  will,  at  length,  be  reduced  to 

a  a — 1  a — 

-x - x - 

1  2  3 


-(f)  in.  kxk —  1  xk —  2  (a—f)  in  .mxm —  1  xm —  2  (p) 


nxn — 1  xn — 2  xn—$xn — 4x72 — $xn — 6(a) 

equal  to  the  Probability  of  taking  precifely  f  Things  of  that 
Sort  whole  Number  is  a:  By  help  of  which  it  will  now  be 
eafy  to  proceed  in  the  Profecution  of  our  Example ;  for  here 

n  being  =  10000,  20=2000,  >£=8000,  <2=3,  and  /==3,  the 

\  x  \  X  \  X  2000  x  I  999  X  I  998  __ 

1 0000  x  99  99  x  999  8 

JJZ2Z25LL-  equal  to  the  Probability  of  taking  all  the  three 
24 9925°°5 

Prizes;  Wherefore  the  required  Odds  is  as  2475)28004  to 

1  £9700 1,  or  as  124  to  1  nearly. 

-  *’  '  r-  *  !  *  ' 1  4 ‘  v’  /  \*'V  ,  ,  “T 


faid  Expreffion  becomes 


E  X  A  M  P  L  E  V. 

The  lame  Things  being  fuppofed  as  in  the  laft  Cafe  ;  Let 
it  be  required  to  find  the  exad  Odds  that  there  comes  out  one 
or  more  Prizes  ? 

In  this  Cafe,  it  is  manifeft,  the  Anfwer  may  be  obtained 
by  feeking  federally  the  Probabilities  of  taking  one,  two, 
and  three  Prizes,  and  adding  them  together,  &c.  But  by  firft 
making  the  Probability  of  taking  no  Prize  at  all  the  Sub- 
jed  of  our  Inquiry,  it  will  be  eafily  had  at  one  Operation  : 
For  thenp  being  =  o,  the  general  Expreffion  (contraded  as 

above)  becomes  --"°Q- •  and  there- 

10000  9999  999 8  -49925003 

F  fore 


xx 


The  Nature  and 

foie  the  Odds  are  as  1275152004  to  1215173001,  that  there 
comes  out  no  Prize. 

s 

PROBLEM  VII. 

CU&ofmg  a  grtafyjrttt  given  Number  of  each  of  two  Sorts 
^  of  Things  to  be  put  promifcuoufly  together  j  To  find  how 
many  mufi  be  taken  out  of  the  Whole ,  to  make  it  an  equal 
Chance  that  they  Jball  all  come  out  of  one  given  Sort . 

SOLUTION. 

If  n  be  put  for  the  whole  Number  of  Things,  b  thole  of 
the  given  Sort,  and  m  the  Number  required ;  it  is  manifeft 
from  Cor.  II  to  the  laft  Prob.  that  the  Probability  of  taking 

all  the  m  Things  of  that  Sort  will  be  -x- — -x- — -  (m)  ; 

&  n  n — i  n — 2 

which,  by  the  Queftion,  mult  here  =- ;  but 

being  nearly  equal  ^  becaufe  b  and  n  are  large  Numbers, 

JLZ2.  (m\  (—  I)  will  be  -x-x-  ( m\  or  ~  very  near- 
n  n—i  n—2  v  '  v  n  n  nx  n  n 

ly  *  whence  in  Logarithms  m  into  Log.  b —  Log. 

Log.,  2,  and  m  =  -= - E.  1. 

b  ?  v  Log.  n—  Log.  b 

EXAMPLE. 

In  a  Lottery  con  lifting  of  100,000  Tickets,  in  which  the 
Blanks  are  to  the  Prizes  as  p  to  1,  how  many  ought  one  to 
take,  to  make  it  an  equal  Chance  that  there  ftiall  come  out  one 
or  more  Prizes  ?  Or,  which  is  the  lame,  that  there  lhall  be  no 
one  of  them  Prizes?  Here  n  being  100,000,  and  b  5)0,000, 

the  general  Expreffion  becomes  -  ■■f  =  6.58  ;  which 

not  coming  out  a  whole  Number,  Ihews  there  can  oe  no  exact 

Equality 
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Equality  of  Chance  in  this  Cafe,  6  being  too  finall,  and  7  too 
great  a  Number. 


PROBLEM  VIII. 

fame  being  fuppofed  as  in  the  laji  Problem ;  To  find 
theP rob  ability  that  in  taking  a  given  Number  ( m )  of  thofe 
Things ,  there  J hall  not  come  out  a  given  Number  ( fi)of  one  Sort . 

SOLUTION. 

This  Problem  may  be  folved  in  any  Cafe,  from 
Cor.  II.  to  Prob.  VI.  by  finding  at  feyeral  Operations  the 
Probability  of  taking  precifely  all  the  inferior  Numbers  top 
the  propofed  one.  But  thefe  Operations  may  be  very  much 
contracted  ;  for  if  (as  before)  a  be  put  for  the  Things  of  one 
Sort,  b  thofe  of  the  other,  and  n  the  whole  Number  of  both 
Sorts,  it  is  manifeft  from  thence,  that 

-  (m—p) 

—  - will  be  the  Pro- 


a  a— 
~~  x — - 

1  2 


1  a 

-x  - 


—  2  f  V  .  b  b— 
- ip)  in.  —  x - 

3  I  2 


I  b- 
-x— 


0 


n  n — 1  n — 2  n — 3 
—x - x - x - - 

*  2  3  4 


(*) 


bability  of  taking  p  Things  precifely  of  that  Sort  whofe 
Number  is  a.  T  herefore  if  p  be  fuppofed  equal  to  o,  i,  2,  3 

&c.  fucceffively,  and  A  be  put  =-x- — -x— — -  (^)  ~  ^ 

r  n  n — i  0 — 2  v  7 

Probability  of  taking  none  of  the  faid  Sort,  and  b — m-\- 1 

*  m  a  .  m  m — 1  a 
*hen  will  A,  7-x-  A,  r-x-y— - — x- 

h  1  b  h  +1  1 

— — ~x— — -  A,  &c.  be  the  relpeftiye  Probabilities  of  drawing 
o,  1,  2,.  3,  &c.  of  that  Sort,  precifely:  Wherefore  A  +  ^-x 

£  I>,  &c. 


i  ^  a — i  .  m  m — 1  m — 2  a 
x__ A, yx-y— — x  _ — x-x 
2  h  h-\-i  h- fi-2  1 


a  .  ,  — 1  <2— 

-A  +7— — x- — 
1  tf-j-i  2 


1  7 1 

~x  15  + 


/;  +  2 


2  a' 
■x— 


--  C+^ 


£+3 


3  <3 

x  — 


con- 


*4 


The  Nature  and 

continued  to  as  many  Terms  as  there  are  Unites  in  p,  will 
be  the  Probability  fought ;  B,  C,  D,  &c.  denoting  the 
preceding  Terms. 

EXAMPLE. 

In  a  Heap  of  io  Cards  whereof  one  half  are  red  and  the 
other  half  black  ;  What  is  the  Probability  that  in  drawing 
5  of  them  at  a  Venture,  there  fhall  come  out  3  red 
ones  ?  Or,  which  is  the  fame,  that  there  fhall  not  come  out 
3  black  ones  ?  Here  a  being  =5,  b=j>,n= 10, ^>=3,  and 

tn^=S  ;  A  or  ^x^— (*»)  will  be  ~~ ,  and  h  (—b — m+i) 
—  1  i  whereforeA + ^x|  A  +  x^TliB  (/)  becomes 1 

2?  IOO 

tti — f~— ;  =li  which  therefore  is  the  required  Value  in 
this  Cafe. 


PROBLEM  IX. 

1  i  '  !  -  .  .  t 

fame  being  f  ill  fuppofed  as  in  the  preceding  'Problems , 
and  that  ihe  faid  Things  are  to  be  taken  one  by  one  as  it 
happens ;  To  find  the 'Probability  that  the  (p)  firfi  Jhall  all  come 
out  of  the  firfi  Sort}  and  the  next  after  of  the  contrary  Sort . 


SOLUTION. 

The  Number  of  the  Things  of  the  firfi: Sort  beings  that 
of  the  fecond  Sort  b ,  and  the  whole  Number  of  both  Sorts//, 
the  Probability  of  taking  one  of  the  firfi  Sort  firft,  will,  it  is 

manifeft,  be  -  ;  If  this  fhould  happen,  that  is,  if  one  of  that 

Sort  fhould  be  actually  taken,  then  there  remaining  only  a — i 
of  that  Sort,  the  Probability  of  taking  one  of  thofe  next 

‘  would 
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S 


I 

would  be  y  ;  wherefore  the  Probability  of  taking  both 

the  two  firft  of  the  faid  Sort  will  be  L  CP r op o fit ionY  ) 

n  n — i  1 

From  the  Manner  of  which  Procels  it  is  evident  that  the  Pro¬ 
bability  of  taking  all  the  firft  m  of  this  Sort  will  be  -x— — -x 

i  n—  i 

(m) :  But  if  thefe  ftiould  be  lo  taken,  the  Pro- 


a — 2  a — 3 

- x- — - 

n — 2  n — 3 


b 


bability  of  taking  one  of  the  other  Sort  next  will  be - ; 

n — a  7 

b  a  a —  i 

—  -  X - X - X 


Wherefore  - -x~ — -  ( m )  in.  — - 


a — 2  a — 3 

- - x - - 

n — 3  n — 4 


n  n — i  n — 2  v  '  n — a  n  n — 1  71 — 2 

(m+i)  is  the  Value  that  was  to  be  found. 


PROBLEM  X. 

nrO  determine  the  Odds  at  Bowls ,  or  other  Games  of  the 
like  Nature ,  in  any  Qrcumfiance  of  the  Play . 


SOLUTION. 


First  fuppole  the  Players  to  be  only  A  and  B ;  or,  that 
there  are  only  2  Bowls  of  a  Side:  Then,  as  the  Probability  that 
either  of  them  fhall  win  juft  1  Bowl  at  an  End  is  the  fame 
as  that  of  taking  2  Things  out  of  4  Things  of  2  Sorts,  fo 
that  the  firft  may  come  out  of  the  firft  Sort,  and  the  other  of 
the  contrary }  the  laid  Probability,  it  is  manifeft,  will  be  jx|=j, 
by  the  laft  Problem  ;  And,  for  the  like  Reafon,  the  Probabi¬ 
lity  of  winning  2  Bowls  at  an  End  will,  by  the  fame,  be  had 
=  ;x^x~i.  And  the  like  may  be  had  in  any  other  Cafe 
when  the  Players  are  a  greater  Number. 

This  being  premifed  ;  Let  A  want  2  of  being  up,  and *  B  1 ; 

and  the  Value  of  the  Thing  play’ d  for  be  denoted  by  1, 

G  ’  If 


* 
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If  A  gets  juft  i  at  the  firft  End,  of  which  the  Probabili¬ 
ty  is  \  (per  above)  he  will  be  in  the  fame  Circumftance  with 
his  Antagonift,  and  therefore  entitled  to  \  the  whole  Stake,  or, 
*-•  Wherefore  his  Expectation  on  that  Event,  while  it  re¬ 
mains  uncertain,  will  be  of  *=£.  But  if  he  fhould  get  2  he 
will  be  intitled  to  ( 1 )  the  whole  Stake ;  wherefore  as  the  Pro¬ 
bability  of  getting  2  is  -,  his  Expectation  on  this  Event  will 
be,  alfo,  ly  which  added  to  the  foregoing  will  confequently 
give  Q)y  the  total  Expectation  of  A  in  the  propofed  Circum¬ 
ftance  y  which  fubftracted  from  ( 1 ), the  wrhole  Stake,  leaves  that 
of  B  = ',  and  therefore  the  Odds  are  as  2  to  1  in  this  Cafe. 

Let  A  want  3,  and  B  as  before .  Becaufe  the  Probability 
that  A  gets  juft  one  at  the  firft  End,  or  there  brings  the  Play 
to  the  Circumftance  of  the  above  Cafe,  is  and  as  his  Expecta¬ 
tion  in  that  Gircumftaiicc  will  alfo  be  -  (per  above)  bis  prefent 
Expectation  on  that  Event  will  therefore  be  But  if  he 
fhould  get  a,  he  will  be  entitled  to  half  the  whole  Stake,  or 
*.  which  therefore  multiplied  by  the  Probability  of  getting 
3  gives  4  for  his  Expectation  on  this  Event ;  Whence  ~  + 
_2  the  Sum  of  thefe  2,  muft  be  the  total  Expe&ation  of  A 

36)  ' 

in  this  Cafe ;  hence  that  of  B  =%  and  the  Odds  as  23)  to  7. 

Let  A  want  3,  and  B  2.  Now  A  muft  either  get  1  or  2 
at  the  firft  End  •  or,  B  1  or  2  at  the  fame  End. 

If  A  gets  x  he  is  entitled  to  \  the  Stake,  which  multiplied 
by  the  Probability  of  it,  is  i,  the  Expectation  on  that  Event. 

If  he  gets  2.  he  is  entitled  to  •,  (by  the  firft  Cafe)-,  therefore 
the  Expectation  on  this  Event  is  jx|= 

If  B  gets  1,  A  will  be  entitled  to  (by  the  laft  Cafe),  and 

there- 


t 


i? 
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therefore  oh  this  Event  his  Expeftation  is  But  if 

B  gets  2  the  Expectation  of  A  will  be  nothing  at  all ;  There¬ 
fore  s+5+ns=S>  Sum  of  thole  3,  is  the  total  Expectation 
of  A  in  this  Cafe.  And  by  proceeding  on  in  this  Manner 
the  Expectations  of  the  Gamefters  may  be  determined  in  any 
other  Circumltance  of  the  Play  ;  and  Tables  calculated  to  ex¬ 
hibit  the  Odds,  not  only  when  the  Players  are  a,  but  a  greater 
Number.  The  firlt  of  the  2  following  Tables  Ihews  the  Odds 
when  there  are  only  2  Players;  and  the  laft,  the  Limits  of  the 
leaft  Odds  when  the  Players  are  indefinite,  the  Odds  in  any 
Circumltance  of  the  Play  growing  lets  as  the  Number  ol 
Players  is  increafed. 


Truly.  Nearly.  Truly. _ Nearly^ 


2 

3 

4 

5 

1 

2  :  1 

29  :  7 

95  :  13 

2  :  1 

4  7  '  1 

7  f  :  1 

2 

3 

4 

1 

5 

23 

IOI 

3 

9 

27 

1  f 

2  i 

3  i 

5  t 

1 

1 

1 

1 

601:  47 

12^  :  1 

5 

43 1 

81 

3 

71  :  37 

1  fi  •  1 

3 

77 

5 1 

1  i 

1 

4 

2 

247  :  77 

3  i  *  1 

4 

2 

*75 

81 

2  b 

1 

5 

272  :  52 

5  7  :  1 

5 

1 535 

5*3 

3 

1 

4 

607  :  365 

1  f  :  1 

4 

7. 

601 

423 

1  4 

f 

1 

5 

3 

8507  :  3157 

2  f  :  1 

5_ 

J 

53ii 

2781 

1  i~o 

1 

5 

i  4  |i 3507  :  21485 

i  1  f  :  * 

5 

4 

1 8909 

OO 

~r\ 

1  i 

1 

Now  by  the  Help  of  thefe  Tables  the  Odds  may  be  neatly 
had  in  any  intermediate  Cafe,  as  follows,  viz.  In  the  pro- 
pofed  Circumltance,  be  it  what  it  will,  from  the  laid  Tables, 
find  the  Probabilities  of  winning  in  thole  two  Cafes  for 
which  they  are  calculated,  and  let  thole  Probabilities 
be  denoted  by  f  and  T  refpe&ively,  and  let  n  be  the 
Number  of  Players  in  the  Cafe  propoled ;  then  will 


P—p 


be  the  Probability  of  winning  in  that  Calc,  nearly. 


EXAMPLE. 

Suppose  the  Number  of  Players  to  be  6 ;  and  one  Side  to 

want 
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•  ✓ 

want  2  of  being  up,  and  the  other  4.  Then  by  the  Tables 
the  Odds  will  be  as  3  ■  to  1 ,  and  2  l  to  1  ;  and  therefore  the 
Probabilities  of  winning  and  rcfpcctiyely,  (in  thofe  Cales 
for  which  the  Tables  are  calculated  under  the  fame  Circum- 

•  . .4  , .  *  •"  '4,  4  .  i  V  J  v  ’  '  ' 

fiance);  Wherefore  T  is  here  =t%  and p  =~y  and  therefore 

P — — ^=77^=5  nearly  =  the  Probability  of  winning  in  the 
2  ^ 

Cafe  propofed;  whence  the  Odds  are  as  5  to  1  nearly. 


PROBLEM  XL 

rjTWO  Perfons  (or  Parties),  A  and  B,  play  together  with 
(n)  Bowls  a  Side ;  the  Skill  of  A  to  that  of  B,  or  the 
Odds  that  any  ajfgned  Bowl  of  A  is  nearer  to  the  Jack 
than  any  ajfgned  Bowl  of  B,-  is  in  the  given  Ratio  of  (a)  to 

(b) ;  To  find  the  Probability  that  A  has  of  getting  a  given 
Number  ( p )  or  ware,  c*red  i*ljb  that  oj  getting  that  Number 
precisely  at  any  End  ajfgned . 


SOLUTION. 

Since  the  Odds,  or  Chances,  that  any  afiigned  Bowl  of 
A  comes  nearer  the  Jack  than  any  affigned  Bowl  of  B  are  as 
a  to  k ;  each  Bowl  of  A  may  be  fuppofed  to  contain  a  Chances 
and  each  one  of  B,  b  Chances;  and  then  the  Number  of 
Chances  in  all  the  Bowls  of  A  being  na,  and  the  total  Num¬ 
ber  of  all  the  Chances  na -f nb,  the  Probability  that  feme  one 
of  A’s  Bowls  comes  nearer  to  the  Jack  than  any  one  of  B's 

will,  it  is  manifeft,  be— ^ or,  if  ar  be  put =n%a+b,  equal 

/Jpf  ^  .  I  .  •  * 

to  Now  if  1  of  A’s  Bowls  fhould  come  neareft  then,  he 

/y*  7 

having  n —  1  Bowls,  or  ax  n  —  1  Chances  remaining,  the  Pro¬ 
bability  of  his  haying  a  fecond  Bowl  nearer  to  the  Jack  than 

any 


L aw s  of  CHANCE. 


f),  ——  1  flYAl  1 

any  one  of  E’s  would,  it  is  manifeft,  be  an+fmZ~a  or  ~^zra  = 
-  •  Wherefore  the  Probability  that  lhall  have  2  Bowls 


7/ 


j  j,  fi _ j 

nearer  to  the  Jack  than  any  one  of  B’s  is  -x— —  (£jy  Ccr . 

‘Prep.  I.)  In  like  Manner,  the  Probability  that  A  lhall  have 
/Bowls  nearer  to  the  Jack  than  any  one  of  B’s,  will  be  found 

—  (/)  •  which  is  an  Anfwer  to  the  firftPart 


n  n — 1  n 

_ X _ 

r  r — 1  r — 2  r 


2  n- 

—  x— 


of  the  Queftion :  Now  if  that  fhould  happen,  of  which  this 
laft  Expreffion  is  the  Probability ;  then  there  remaining  r—pra 
Chances,  and  nb  of  them  in  Favour  of  B ,  the  Probability  that 

'  r 

one  of  his  Bowls  comes  next  will  be  •== — j  Therefore  (by 


the  fame  Cor.)  t=== 


nb 


.  n  7t — 1  n- 
in.  —x - x— 


t 


/v  el/ 


$/*  /J/* 


r — 2%a 
-2  n — 3,  .v  no 
— X 3(/)=- 


nb  n 
x — 


r- 


^  rs 

3 


ra  r — 1 


71— 

1 

►H 

< 

1 

|s> 

r- 

-2'r — 3 

(p+i)  will  be  the  Value.  Q^E.  I. 


Note,  By  help  of  this  Theorem ,  and  the  Method  of  Proceed¬ 
ing  in  the  foregoing  Problem,  the  Probability,  or  Odds  of 
winning  the  Game,  may  be  determined  in  any  Cafe 
whatever,  where  the  Rato  of  a  to  b,  or  the  Proportion  of 
Skill,  can  be  afcertained. 


PROBLEM  XII. 

A  and  B  playing  together  with  fingle  Bowls,  Coits,  or 
Pieces,  i£c.  the  former  finds  by  Experience  that  he  can 
upon  an  Equality  of  Chance ,  undertake  to  win  (n)  Times, 
before  his  Antagonifil  once :  What  is  the  Proportion  of  Skill  of 
the  2  Gamefiers ,  or  their  Chances  of  winning  at  any  ajfgn- 
ed  Try  alt 


29 


H 


S  O- 
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SOLUTION. 

Let  the  required  Ratio  be  that  of  a  to  or,  which  is  to 
the  fame  Effed,  let  - -  be  the  Probability  of  As  winning  at 

the  firft  Tryal;  then  by  Cor.  to  Prop.  I. 


a 


a~\~b^n 


will  be  the 


Probability  of  his  winning  all  the  n  firft  Times,  or  Tryals 
which  v  by  the  Queftion  muft  be=^  whence  lAAaflff  and 

i  i 

ax  in — i  therefore,  as  i  :  2.n — i  ::  a  :  b .  E.  L 


PROBLEM  XIII. 


A  and  B,  whofe  Proportion  of  Skilly  or  Chances  for  winning 
any  afftgned  Game ,  are  as  (a)  to  ( 'b ),  play  together  \  the 

former  wants  ( p )  Games  of  the  whole  Set ,  and  the  latter  (q). 
What  are  their  refeCtvue  TTruOaditiiies  of  winning  ? 

SOLUTION. 


Suppose  the  Play  to  be  continued  after  the  Set  is  out, 
till  fuch  time  as  p+q — i  Games  are  expired  *  and  a  Spec¬ 
tator  E  to  wager  with  F  that  A  beats  his  Adverfary  p  of 
thefe  Games.  Then,  (by  Prob.  V.)  it  is  manifeft  the  Pro¬ 
bability  of  E’s  winning  will  be 


n  n — i  . 

a  -f -na  bf-nx 


71 


I  n* 

-a 


b . nx - — ?  Sec.  a* I?  * 


a  +  b  \n 


But  this 


is  the  Probability  that  A  wins  the  Set  •  becaufe  if  he  gets^?  of 
thofe pF°l — 1  Games  he  muft  lofe  fewer  than  q  of  them,  and 
therefore  get  p  before  he  lofes  q  *  and  becaufe  it  is  evident 
that  whatever  the  Chance  of  E  may  be  in  refbed  of  win¬ 
ning  and  lofing,  that  of  A  muft  b:  the  fame,  and  Ace 

verfa . 
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verfa.  And  therefore,  for  the  fame  Reafon,  the  Probability 


that  B  wins  the  Set  muft  be 


,n  n — i 

b  -\-nb  a-\-nx 


n 


I  I  z 

-b  a 


a 


TR 


MX 


71 - I  «_  n' - % 


&c.  b a 


£l-\- (A 


n 


Q^E.  I. 


EXAMPLE. 

Suppose  A  to  want  5  of  being  up,  B  3,  and  the  Skill 
of  the  2  Gamefters  to  be  equal :  Then  will  p—j,  <1=3,  a— 1, 
i,=  j,  u=7,  and  L±  7  +  »  +  35  +  35  (==s)  andH+Z±J 

(=S*)>  be  the  Probabilities  of  winnings  therefore  the  Odds 
that  £  beats  A  are  as  pp  to  25c  . 

P  R  O  B  L  E  M  XIV. 

A  'Given  Number  of  Gamefters,  A,  B  and  C,  &c.  whofte 
Chances  for  winning  any  ajftgned  Game  are  in  the  given 
Ratio  of  a,  b ,  c,  &c.  play  together ;  A  wants  p  Games 
of  the  whole  Set,  B;  q,  and  C,  r,  &c.  IV hat  are  their  feve-  ~ 
ral  T  rob  abilities  of  winning  ? 

SOLUTION.. 

Raise  a-\-b-\-c ,  &c.  to  the  Power  whole  Index  is  equal 
to  the  leaft  of  :the  given  Numbers  p,  q,  r,  or,  if  there  be  no 
lead,  to  one  of  the  leaft  equal  ones,  as  p ;  and  from  that 
Power  take  out  the  Term  wherein  the  Exponent  of  the 
Correfpondent  Quantity  a  is  equal  to  p  •  and  if  there  be  any 
Terms  wherein  the  Indices  of  b  and  c,  &c.  are  equal  to  q,  r. 
See.  take  thole  Terms  alio,  and  having  divided  each  of  the 
Terms  lb  taken  by  a  -\-b  &c.  or  hp,  which  is  fuopoled 

equal  to  it,  place  the  feveral  Quotients  each  in  different 

Columns,  ( 


eo 
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Columns,  mark’d  (for  Diftindion  fake)  Ay  B  and  C\  fo  that 
the  laid  Power  of  a  may  be  in  the  Column  A,  that  of  b  (if 
any)  in  the  Column  By  SCc.  And  then,  having  proceeded 
thus  far,  multiply  the  remaining  Terms  of  the  faid  Power  by 
&C.  and  from  the  Produd  feled  all  the  Terms 
where  the  Indices  of  the  Powers  of  ay  b ,  c,  8Cc.  are  refpec- 
tively  equal  to/,  qy  r,  Sec.  And  having  divided  each  by  h  > 
place  them,  according  to  the  foregoing  Method,  in  the  Columns 
Ay  By  Gy  &c.  Let  the  laft  Remainder  be  multiplied  in  like 
manner  by  a-\-b~\-Cy  &c.  and  feled,  again,  out  of  this  Pro- 
dud  the  Terms  wherein  the  Exponents  of  <2,  by  c,  £Cc.  are 
refpedively  equal  to/,  r,  &Cc.  and  having  divided  each  by 
,  let  the  Quotients  be  difpofed  of  as  before.  And  pro¬ 
ceed  on  in  this  fame  Manner,  repeating  the  Operation  till  all 
the  Terms  are  exhaufted;  then  the  Quantities  that  are,  at 
laft,  found  in  the  Uoiumns  Ay  By  C,  SCc.  will  be,  relpedive- 

ly,  the  required  Probabilities  of  winning. 

E  X  A  M  P  L  E. 


Suppose  the  Number  of  Players  to  be  3,  as  Ay  B  and 
■  Gy  and  they  to  want  1,  2,  and  3  relpedively. 

Having  firft  railed  a+b  +  c  to  the  1  (/)  Power,  and  pre¬ 
pared  3  Columns  Ay  i?, 

Cy  I  take  a  (=*0  from 
the  faid  Power,  divide  it 
by  h  (=#~j-^+c0  anc^ 
place  the  Quotient  ^  in 

the  Column  A  y  then 
multiply  the  Remainder 
b  — 1~  c  by  &  “E  b  ~j—  c,  and 


A  a  ,  ab-\-ac  , 

(  2  abc-\-acc  ,  3 abc z 

A  h  hh  H 

B 

bb  ,  'ibbc  ,  3 bbcc 
hh  hl  h 4 

C 

c!  jfc, 
# 1  M 

from 
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«  I  f  y  *. 

from  the  Product  ab-\-ac-\-bb-\-'ihcJrcc,  take  the  Terms 
bb,  divide  each  by  hh,  and  place  the  a  Quotients 

ab+ac  bb  tjie  (]0iumns  yf  and  multiply  the  laft  Re- 
hh  hh 

mainder  ribc-\-cc,  by  a-\-b-\-c ;  from  the  Product  2abc+acc^ 
2bbc+^bcc+cz  leleft  labc+acc,  zbbc ,  and  c\  divide  each  of 
them  by  h\  and  difpofe  of  the  Quotients  as  before;  laftly, 
I  multiply  the  new  Remainder  $bcc  by  a-\-b-\-c ,  divide  each 
of  the  3  Terms  in  the  Product  by  h\  and  place  the  Quo¬ 
tients  in  the  Columns  B ,  and  G  as  above,  and  then  find  the 

.  ,  .  _  ,  .  a  .  ab-\-ac  .  2 abc+acc  . 

total  Values  inthefe  3  Columns  to  be^H - rr - 1 - — - r 


hh 


hl 


3 abcc  bb  nbbc  ,  3 Be 


u^y-r-F’  ^V+TF’ "e 

equal  to  the  Probabilities  required  ;  which  when  a,  b  and  c 
•are  equal,  will  therefore  become  r7,  and 

Note  The  above  Method  of  Solution  is  only  a  compounded 
Cafe  of  Cor.  to  Trob.  I.  therefore  to  fitch  as  underfland 

that  well ,  the  Reafons  of  this  will  not  be  difficult. 

PROBLEM  XV. 

*  *  *  .  ' 

THERE  being  (a)  Chances  for  the  Happening  of  an  Event, 

and  (b)  Chances  fior  the  Contrary  at  any  ajfigned  Tryal , 
In  how  many  Tryals  may  one  undertake  that  the  f aid  Event 
'pall happen  (r)  times }  -.  A '  ! 

SOLUTION.; 


Let  n  be  the  Number  fought  ;  then 


«  « — .1  ft I  r7l Z  Z 

tfy-nb  a+nx - b  a  +nx 

- - 7+W 

1 


^fitlirra\r) 


■  being 
the 


3 
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the  Probability  that  Event  fhall  not  happen  r  times  in  n 
Tryals  ( by  Trok  V.  ),  muft  therefore  by  the  Qneftion 

be  : 


n — •  i 


a  ? 


7i  ft  —  i  fl I  jn  1  2-  ,  fl  I 

whence  b  A-iw  - b  a  -j-wx - * 

2  2 

n~~1bn~\i  (r)  —^e3  .  where  fubftituting  pb  for  a  we  have 


I  'll —  2 
—  X  — 


t\n 

Ipi  (r)  — 1  ' ^from  whence 


ii —  i  ,  ,  ii 

i+np+nx— -j>z+nx.-^  ,  .  2 

by  the  common  Methods  of  converging  or  infinite  Series  the 
Value  of  n  may  in  any  Cafe  be  determin’d. 

J  71  I 

Suppofe  a=by  or/=i  ;  then  Cnee  i+np+nx-j-f,  (r) 

the  firft  half  of  the  Terms  of  the  Binomial  i  +j>\"  expanded 
in  a  Series  is  equal  to  the  reft  of  the  Terms,  or  half  the  whole 
Power,  the  whole  Number  of  Terms  muft  be  =  2V ,  and 
therefore  ft  the  Index  of  the  Power  -=*27  i ,  which  is  the 
required  Value  in  this  Gale. 

a_—p  be  yery  fmall j  then  becaule  in  this  Cafe  n  muft 

b  * 

be  yery  great,  the  Numbers  i,  2,  3>  in  the  Fa£lors  ti  i, 
n—%  &c.  may  be  rejected  as  inconfiderable  in  refpect 

of  n,  which  done,  the  Equation  becomes  i +/»+—  +  —  + 


jtT_tr\—  i±£_:  where,  by  fubftituting  r+v  inftead  of 

2.3.4  V  2,  _  _  _ 

1  1  1  r  +  '’J  ^  1  r  +  ^  1  r  +  ‘l’l *  (r\  — 

tn,  we  get  1  4 ■r  +  v  +  —^—+  2X3  +^3x4  '  '  . 

r- j-o> 

lJrPl  ?  or,  by  bringing  the  feyeral  Powers  of  r+v  into 
2  ’ 

fimple  Terms,  it  will  be 


Laws  cf  CHANCE, 


h  in  1+r+~  +  ~  (r) 

- 

y*  yl 

v  in  i+^+T+tt  (r —  0 


2*3 


<zr  .  .  .  r"  .  r? 


in  i  +H - 1 

a  2.3 


(r — 2) 


C7)>  y  Y 

in  i+r+;+— (r-3) 


r-f-'V 


!■+/’ 


Put  <?=i+rH — (■ 

-  1.3 


r’  C),/=i+^+?+~C-i)<?=i  + 


2-3 


r-| - 1 - -(r—  2),  &c.  and  j*=;  hyperb.  Log.  of  2^;  then  it 

^  2*3  _  /-pTi 

>*" 


will  become  ,+>+*?+*£+  £_+_*£- Ifa.  J+3, 

2  2  2-3  2.3.4  2.3. 4.5  2 

■pQ  ST  g  jp  "fa 

or  in  Logarithms,  ^  ~  xot+ 


xv3  &c. 
lee 


p  Pz 

z=r+v  in  1— — +L,  Stc.  =r+*u  very  nearly,  becaufe  p  i 
fuppofed  very  fmall ;  wherefore  by  Redu&ion  <zH — 


3fg-eh-\ 


if- 


2exe—f 


—  v  j* _ ^ 

V'+  6e—_  — — x<z;5  &Cc.  =ex— -j\  whence  by  puting  thefe 
known  Coefficients  of  the  Powers  of  vy  equal  to  i,  By  Cy 

j — y 

&c.  refpeftively,  and  ex  :  ■ — =z,  we  have  v  =  z —  Bz*  + 

' .  _ 

2i5z  —  Cx z?  +  $£C —  $£l  —  Dxz?  &tc.  and  therefore  pn 
(=r+^)  ~r~\-z — Bzz+2BZ — Cxz*  &c.  or,  becaufe  the 
Series  converges  very  fwift,  pn=r-\-z  nearly;  wherefore 

~p—>  &c.  is  the  required  Value  in  this  Cafe. 

Hence  if  r—  i,  then  will  £=i,/>=o,  &c.  s=hyp.  Log.  2=3 

65)3 14,^=— .30686, ^=.6^3 14, and  n=—^\ 

If 


3* 
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If  r  =  2  ;  then  e  =  3,  /=i,  £=o,  2Cc,  s=±hyp.  Log.  6 
=  1.75)17,  #= — .31236,  and  ^=‘1.6784;  but  r the  2 
firft  Terms  of  the  Series,  is  =1.6876,  and  therefore  greater 
than  the  Truth  .005)2. 

Laitly,  if  r  be  taken  equal  to, 

3  ,4,  5,  6  ,  7  ,  8,  5)  and  iofuccef. 

then  will  ]  2.6743  |  3.672.0  |  4.6709  |  5.67 02.  |  6.6698  |  J.G695  |  8.6693  [  9.6692  |  be  the 

Value  of  pi  refpe&ively  *,  from  whence  it  appears  that  (;/) 
the  required  Value,  in  all  Cafes  where  p  is  very  fmall,  will  be 

=— ~~  nearly,  or pi=r — ~.  Now  from  this,  and  the  fore¬ 
going  Conclufion,  where  /  was  fuppofed  =i,  and/;/  found 
=  2 r — 1,  the  following  Theorem  is  deduced;  by  help  of 
which,  the  true  Value  of  n  in  any  intermediate  Cafe  may  be 

obtained,  it  being  always  =^xr — .3  +f — £,  very  nearly.  QTl.L 

EXAMPLE  I. 

In  how  many  Throws  with.  3  common  Dice  may  one  un¬ 
dertake  to  throw  the  3  Aces. 

The  Number  of  Chances  for  Failing  at  any  Tryal  being 
215,  and  for  happening  only  one,  \  will  therefore  be 

=2i5and;xr—  .$+r— £=150  the  Number  that  was  to  be 
found. 

EXAMPLE  II.  "  ; 

*  '  m  ***  # 

In  a  Lottery  confifting  of  a  great  Number  of  Tickets, 
where  the  Blanks  are  to  the  Prizes  as  50  to  1  ;  To  find  how 
many  a  Perfon  ought  to  take  to  expeft  5  Prizes  ? 

Here  50x5 — .3+5— ,7  =23 1,  is  the  Anfwer. 


EX 
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*  EXAMPLE  III. 

Suppose  a  Lottery  like  the  foregoing,  where  the  Blanks 
are  to  the  Prizes,  as  3  to  i ;  To  find  how  many  muft  be 
taken  to  expert  8  Prizes  ? 

Her er  being  8,  and  *==3,  ;xr— .3  +r—.j  becomes  30.4; 
therefore  30  or  31  is  the  Anfwer. 

r  ** 

EXAMPLE  IV. 

•  -  . .  / 

In  how  many  Throws,  with  a  fingle  Die,  may  a  Perlon 
undertake  to  throw  either  the  Ace  or  Duce  ?* 

Merer  being  =1,  *=a,  -7  will  be  1.7,  differ¬ 

ing  from  the  true  Value  1.705?  (found  from  the  Theorem  in 
*Prob.  VIIJ  by  .005?  only. 


PROBLEM  XVI. 

CUppofng  a  green  Number  (n)  of  Letters  a,  b,  c,  dy  e,  f  &c\ 
^  or  Things  reprefented  by  them ,  to  be  placed  in  Order ,  and 
that  a  T erf  on  draws  them  one  by  one ,  as  it  happens ,  and 
lays  them  down  in  the  Order  they  are  taken ;  Z0  ///i 
T  rob  ability  that  any  (p)  affigned  Letters  foal l  have  the  very 
fame  T laces  in  the  fecond  as  in  the  firft  Order ,  and  (m)  other 
affigned  ones ,  at  the  fame  time ,  all  different  T laces  from 
what  they  have  in  that  Order . 


SOLUTION. 

The  Probability  that  b  happens  not  in  the  fecond  Place 
of  the  fecond  Order,  and  that,  that  a  happens  in  the  hrft 
Place,  and  b  out  of  the  fecond  Place  of  this  Order,  are  1  — 

and- - - — ( = — x-~ — ^  refpedively  (byTrob.  I.)  And 

w  n  tmi — 1\  n  11—1/  1  J 

K  there- 
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therefore  if  the  laft  of  thefe  be  fubftra&ed  from  the  former, 
or,  the  Probability  that  b  fliall  not  come  into  the  fecond 

Place,  without  any  Reftriction  of  haying  a  either  in  or  out 

a  i 

of  the  firft  Place,  the  Remainder  i - 1 - ,  it  is  mani- 

feft,  will  be  the  Probability  that  neither  b  fhall  come  in  the 
fecond  Place,  nor  a  in  the  firft ;  fince  a  muft  neceffarily  be 
either  in  the  firft  Place  or  out  of  it ;  and  the  fame  is,  alio, 
the  Probability  that  any  other  2  affigned  Letters  fliall  hap¬ 
pen  in  different  Places  from  what  they  poftefs  in  the  firft 
Order.  Wherefore  if  a  fhould  be  the  firft  taken,  of  which 
the  Probability  is  %  then  becaufe  there  would  remain  only 
n —  1  Letters,  the  Probability  of  b  and  c  both  happening  out 
of  their  Places  (by  fubftituting  n —  1  for  //,  &c.  in  the  faid 
Expreflion)  would,  it  is  manifeft,  be  exprefled  by  1  — 

_i - 1 — _  .  therefore  this  drawn  into  -  is  *  — 

n — 1  xn — 2  1  n  n 

— j - 1 - equal  to  the  Probability  that  a  fliall 

•nxn — 1  nxn — 1x7/ — 2  1  ' 

fall  in,  and  b  and  c  out  of  their  Places  ;  which  being  fub- 

2  1 

ftra&ed,  in  like  manner,  from  1 - 1 - the  Probabi- 

lity  of  b  and  c  both  falling  oiit  of  their  Places,  without  far- 

5,3 


n —  1 
2 


ther  Reftri&ion,  leaves 


+ 


for 


n  '  nxn —  1  nxn — *  1  xn —  2 

the  Probability  that  by  c  and  a,  or  any  other  3  affigned 

Letters  fliall  all  happen  out  of  their  Places.  And  therefore 
if  a  fhould  firft  happen  to  be  taken,  as  there  would  then  be 
only  n — 1  Letters  left,  the  Probability  that  by  c  and  d  would 

5  ,  3 


all  happen  out  of  their  Places  is 


n- 


+ 


n 


1  x  n 


?l —  1X7/ — 2X7/- 


;  this,  therefore,  multiplied  by  the  Proba¬ 


bility 
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bility  of  talcing  a  firft,  will  be  the  Probability  that  a  ffiall 
happen  in  its  Place,  and  b,  c  and  d  all  out  of  their  Places  ; 
whence  by  fubftra&ing,  as  above,  the  Probability  of  b ,  c 
and  dy  or  any  other  4  affigned  Letters,  falling  all  out  of 

their  Places  appears  to  be  1 — ^  ^  1  ^ 

1 


+ 


+ 


n  '  nxn — 1  ‘  nxn — \xn — 2 

/,  '  r  ,  '  , 

:  And  from  hence  the  Manner  of  the 

nxn —  i  xn — 2x//— 3 

Procefs,  and  Law  of  Continuation  are  manifeft  *,  the  Numera¬ 
tors  being  the  Unciae  of  the  Power  of  a  Binomial  whofe  Ex¬ 
ponent  is  equal  to  the  Number  of  Letters  excluded  their 
Places*  and  the  Denominators  1,  //,  nxn — 1,  nxn — ixn — 2, 

SCc.  And  therefore  the  Probability  that  all  the  m  affigned 

m —  1 

MX - 

M  2 

ones  fhall  happen  out  of  their  Places  is  1 - 1 - -  — 

n  nxn — 1 

m — 1  m — 2  tn — 1  m — 2  m — 3 

MX - X — -  MX - X - X - 


+ 


3 


— - —  (m- f-i)  :  But  the 

nxn — ixn — 2  *  nxn — ixn — 2 xn — 3 

Probability  of  any  p  affigned  Letters,  as  c*,  &c.  falling  in 


their  Places  is 


- — - - 7-—  ( by  Trob.  II.  )  ;  and  if 

nxn — ix// — 2  {p)  v 

thefe  Letters  ffiould  be  firft  fo  taken,  the  Probabi¬ 
lity  then  of  m  other  affigned  ones  falling  all  out 

m —  1 

MX - 

of  their  Places,  will  be  1  — 


m — i  m — 2 

mx - x - 


0 


n~pxn—p —  1  xn — p —  2 


n—p  n—pxn — f — 1 


(m-\- 1),  per  above,  (//  the  Number 


of  Letters  here  becoming  n — p)  :  Therefore 


nxn — ixn — 2  (/>) 


in. 
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in.  i— 


tn x- 


tu¬ 


rn —  i  m — 2 
mx - x - 


+ 


—  2 


n—p  1  n — p^n — t — 1  n  — f  x  n  — t  —  1  x  m  — / 
muft  confequently  be  the  Value.  Q^E.  I. 

COROLLARY  T. 

XF  n—p  be  =«?,  or,  the  p  affigned  Letters  be  propoled 

to  be  taken  in,  and  all  the  reft  out  of,  their  Places,  the 

i  .  1  1  1  + 


Probability  becomes  ^xg_ix%_2  hi  1-1  + 


2*3 


2.3.4 


(m+ 1);  which,  when  m  is  alarge  Number,  is  equal  to 


0.367878 


n*n — 1  x# — 2x0 — 3X/2 — 4 


very  nearly. 


COROLLARY  II. 

If  a  given  Number^  be  to  be  taken  in  their  Places,  and 
the  reft  out  of  their  Places,  without  farther  Reftri&ion,  then 
the  Probability  of  taking  any  p  affigned  ones  in  their  Places, 


and  the  reft  otherwife,  being 


mn — 1  xn- 


(/)  in  1  — x+i  — 


I  I 


+ 


it  is  manifeft,  that  as  many  different 

2.3  ‘  a.3.4 

Ways  as  j>  Things  can  be  affigned,  or  taken  in  n  Things, 

which  is  (*),  fo  many  times  ought  the  faid 

2  3  ■  ■  >  ■  . 

Quantity  be  repeated  to  give  the  Probability  in  this  Cafe  ; 

which  therefore  will  be 


- : — — r  in.  1  — 1+- - — 

1. 2.3.4  (/>)  2  2.3  '  2.3.4 


(^+I)>  or?  when  m  is  large  = — nearly. 

1 . 2.  s  .4. 


0.367878 

•3.4-3  \?) 


COROLLARY  III. 

Hence  if  h  be  put  =0.367878,  and  be  taken  =  o,  i? 
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2,  3,  &c.  fucce (lively,  the  (aid  Probability,  will,  it  is  evident. 

h  h  h  . .  ' 

become  h,  h,  - ,  — , - ,  S[c.  refpefHyeiy  equal  to  the  Pro 

2  2.3  2.3.4 

bability  of  taking  precifely  o,  1,  2,  3,  &c.  Letters  according 
to  their  Places;  wherefore  if  £+/r+f  (/)  be fibftra&ed from 

T  X 

Unity  the  Remainder  1—  £xi  +  i+i+— | - (^)  willbe 

the  Probability,  very  nearly,  that  or  a  greater  Number  of 
Letters,  fall  according  to  their  Places  in  the  fir  ft  Order. 


E  X  A  M  P  L  E  I. 

Let  it  be  required  to  find  how  many  Changes  can  be  rung 
on  5  Pells,  without  any  one  ftriking  in  its  own  proper  Place* 
Here  becaufe  p  is  =o,  n~ 5,  and  5,  the  Probability 


nxn — ixn—2  (j?) 


in.  1  —  1  +  - 


will  become  1  —  1  -f 


+ 


2  2.1 

1 


(m+ 1),  (as  in  Cor.  L) 
1  44 

„  „  .  „  — - =— — ;  and  there- 

2  2.3  2.3.4  2.3.4*  5  120 

fore  as  all  the  Changes  on  5  Bells  are  120,  the  required  Num¬ 
ber  will  be  44. 


EXAMPLE  II. 

A  Perfon  holding  2  Packs  of  Cards,  draws  one  out  of  one 
Pack,  and  another  out  of  the  other,  and  puts  them  together, 
and  does  the  like  by  2  others,  Stc.  repeating  the  Operation 
till  all  the  Cards  are  exhaufted  ;  What  is  the  Odds  that  the 
Cards  in  one  or  more  of  thofe  Couples  fhall  be  found  the  fame  ? 

In  this  Cafe,  the  Number  (52)  of  Things  being  large, 
0.367878  will,  either  by  Cor.  I.  or  III.  be  the  Probability 
that  the  Cards  in  no  one  Couple  (hall  be  the  fame:  Therefore 

i. 

as  0.632122  is  to  0.367878,  fb  is  the  .required  Odds  that 

the  Cards  in  one  or  more  of  the  Couples  fhall  be  the  fame. 

L  PROP- 


4% 
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PROBLEM  XVII. 

CUppoJing  a  given  Number  (r)  of  each  of  feveral  Sorts  of 
^  ; things ,  as  aaa,  bbb,  ccc,  ddd,  eee,fff,  &c.  to  be  pit  to¬ 
gether  in  Order ,  and  afterwards  drawn  one  by  one  at  aV *n- 
tUre ,  and  laid  down  in  the  Order  they  are  taken ;  To  find  the 
‘Probability  that  any  (p)  ajfigned  Sorts  Jhall  happen  to  have 
the  fame  Places  in  the  fecond  as  in  the  firft  Order ,  and  (m) 
other  ajfigned  Sorts ,  at  the  fame  time ,  different  P laces  fotn 
what  they  have  in  that  Order. 

SOLUTION. 

This  Problem  is folved  by  the  fame  Method  of  Reafoning 
as  the  foregoing }  for  if  n  be  put  =  the  total  Number  of 
Things  of  all  Sorts,  and  1x2x1x4.x,;  (r)  =r,  it  is  evident, 


from  Prob.  TIL  that 


will  be  the  Probabili~ 


n*n —  1  x// —  2  ( r ) 

ty  that  all  the  a’s  are  taken  firft ;  and  therefore  that  of  the 

contrary,  or  the  Probability  that  all  the  Things  of  any  a& 
figned  Sort  fhall  not  happen  as  they  are  in  the  firft  Order, 

he  T _ — — — Therefore  if  the  a’s  ihouid  be  all 

nam  nxn — 1  ( V ) 

taken  firft,  as  there  would  be  then  only  n—r  Things  left,  the 
Probability  that  the  b’s  would  not,  all,  come  out  next,  or  fall 


in  their  Places,  muft,  it  is  evident,  be  i  — 

s 

wherefore  this  multiplied  by 


n — rx& — r — 1  (r) 5 

,  as  exprefs’d  above. 


— - — r  for  the  Probability  that  the 
1  (ar) 


v-/ 

t  firft  taken  fhall  be  all  a*s9  and  the  f  next  not  all  bs^  and 

this  fubftradted  from  i — {Jy  ^r°bakility  that  the 

b’s 


9 
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Us  ffiall  not  ail  be  taken,  without  any  Reftri&ion  whether  the 
a’s  be,  or  be  not,firft  taken,  leaves  i 


is 


+■ 


n%n — i  (r)  nxn — i  (2r) 
—  the  Probability  that  neither  the  a’s  nor  Us  fhall  come  out 

according  to  their  Places ;  whence,  by  repeating  the  Opera¬ 
tion  in  the  lame  Manner  as  in  the  laft  Problem,  the  required 

p 

Probability  will  appear  to  be 


n  x  n  —  ix  n —  2  ( rp ) 


in.  i  — 


ms 


mx- 


m- 


ss 


+ 


_ t _ _ _  g£C# 

n — rp%n — rp — i  (rp-\-r)  1  n — rpwi — rp — i  (rp-fir)  7 

Where,  if  r  be  taken  =i,  s  will  be  =i,  and  the  Solution 

the  fame  as  the  aforegoing. 


PROBLEM  XVIII. 

II  REE  Eerfons  A*  B,  and  C  throw  in  their  Turns  a 
Solid  having  (f)  regular  Faces ,  and  he  who  firfl  hap¬ 
pens  to  bring  up  an  affigned  Face  is  thereon  to  be  intit  led  to  a 
certain  Benefit ;  Required  the  fever  al  E  rob  abilities  of  ob¬ 
taining  it. 

SOLUTION. 

Let  the  Value  of  the  Benefit  or  Thing  expected  be  de¬ 
noted  by  Unity :  Then  fince  (by  Cor.  to  Erob.  I.)  the  Proba¬ 
bility  that  the  affigned  Face  (hall  fail  n — i  Throws  fucceffiye- 

- — I 

t - l  |  I 

ly,  and  come  up  the  next  after,  is  >y,  this  Quantity, 

it  is  manifeft,  will  allb  exprels  the  Expeftation  on  the  Throw 
whofe  Number,  from  the  Beginning,  is  denoted  by  n  :  There¬ 
fore  in  order  to  find  the  total  Expeftation  of  A ,  as  the  ill, 
4th  and  7th,  Throws  pertain  to  him,  let  n  be  expound¬ 
ed  by  1,  4,  7,  11,  £Cc.  fucceffiyely;  then  the  aboye  Expref- 

fion 
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I  i* — 

fion  will  become  y ,  — 4  , 


,  &c.  refpeCtively,  and  the 

Sum  of  thefe  will  be  the  fir  ft  Value  fought.  In  like  Manner, 
if  n  be  expounded  by  a,  5,  8,  &c.  and  3,  6,  3;,  SCc.  the  total 
Expectations,  or  Probabilities,  of  B  and  G  will  come  out 


14 


*T  71 


&Cc.  and 


JER ,  1  /— 1 1 


SCc. 


/*  \  r  1  r  ’  /s  1  /  ;  r 

refpeCtively:  But  as  thefe  3  Values  are  infinite  Series  whole 
Terms  are  in  geometrical  Progreftion,  they  may  be  very  eafily 

fummed,  being  equal  to  and_X_L=^ 

reflectively;  which  are  the  Numbers  that  were  required  to 
be  found.  But  the  Solution  in  any  Cafe  may  be  more  eafily 
had  by  confidering  that  the  Expectations  of  A ,  B ,  C7,  Stc.  on 
their  firft  Throws  are  to  one  another  as  their  total  Expectati¬ 
ons  ;  for  then  "by  taking  as  many  Terms  of  the  Progreffton  I, 
G  f  p  f*  j 

>  J  j  'i  V  &c-  as  there  are  Players  concerned,  and 

dividing  each  of  them  by  the  whole  Sum,  the  feveral  Quo¬ 
tients  will  be  refpeCtively  equal  to  the  required  Probabilities. 

PROBLEM  XIX. 

tnrJVQ  Gamefiers,  hand  B,  whofe  Chances  for  winning  any 
ajftgned  Game  are  hi  the  given  Ratio  of  (a)  to  (b),  en- 
ter  into  Tlay  on  this  Condition ;  That  A  at  the  Beginning  of 
every  Game  Jhall  ft  the  Sum  (e)  to  the  Sum  (f),  and  that 
the  Tlay  Jhall  lafl  as  long  as  he  continues  to  win  without  In¬ 
ter  mijfion  ;  3Tis  required  to  find  the  Gain  or  Advantage 
of  A.  ;  _  .  Jr 

SOLUTION. 

Since  the  Expectation  of  A  on  any  Game,  when  it  comes 

to 


4 
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.0  be  play’d  is  ~pyfe+f  if  if)  his  Stake  be  deduced  there- 

be 

from,  the  Remainder  -  —  .  ■  will  conlequently  be  his  Gain  : 

d  u 

Therefore  the  Advantage  or  Gain  on  any  Game,  whofe  Num¬ 
ber  from  the  Beginning  is  denoted  by  ?/,  to  be  computed  be¬ 
fore  the  Play  begins,  muft  be  compounded  of  the  faid  Gain 

^  and  the  Probability  that  the  Play  will  not  be  ended 
a+b  3  %  af—he 

before  that  Game  comes  to  be  decided:  that  is,  of  -r, 

a+b 

and  ^  the  Probability  of  his  winning  all  the  preced- 

a-\-h\ 

ing  n—  i  Games  :  Wherefore  if  n  be  taken  equal  to  i,  a,  3,  4, 
&c.  fucceffiyely,  weihallhave  into  1,-^,  =~r, 

,  for  the  Gain  on  the  iffc,  ad?  3d  and  4th  Games, 


a-\-b\ 


refpe&ively;  that  Progreflion,  infinitely  continued, 


af—he  .  , 

or  — —  m.  1  -} 


a 


a 


a  +b  .  *  a-\-b  1  a-\-b 

be  the  true  Value.  E.  I. 


:*4 


_A1_  &c  =al_e 


muft 


PROBLEM  XX. 

A  and  B,  whofe  Chances  for  winning  any  fingle  Game  are 
in  Proportion  as  (a)  to  (b),  the  former  having  (p)  and  the 
latter  (q),  Stakes ,  are  determined  to  play  together  ’till  one  of 
them  has  loft  all ;  To  find  their  refpebfive  Probabilities  of 
winning ,  with  the  Gain  or  Advantage  of  A,  &c. 

SOLUTION. 

Let  the  Expectation  of  A,  when  he  has  any  given  Num¬ 
ber  y  of  Stakes  in  PofTeffion,  be  exprefs’d  by  and  when 
he  has  one  Stake  more,  or  jy+ 1  >  fuppofe  his  Expectation  to 

be  increafed  by  R ,  or  to  become  c SfrR)  and  when  he  has 

M  yet 


The  N  at  y  ft  e  and 

yet  one  more,  orj+2,  let  this  laft  Expectation  be  increafed 
by  Sj  &c.  £lc.  Now  when  lie  has  jv+i  Stakes,  he  mull 
after  one  Game  have  either y  or y -f  a  Stakes  ;  if  he  wins  that 
Game  he  muft  have  jy+a,  and  his  Expectation  will  then  be 

this  therefore  multiply’d  by  the  Probabili- 

ty  of  winning,  gives  *or  his  Expectation,  in 

Cafe  of  winning,  while  the  Event  remains  yet  undetermined. 

If  he  loies  the  Game,  he  will  have  only y  Stakes,  and  his  Ex- 

b 

peCtation  will  then  be  this  multiply  *d  by  — —7,  the  Pro- 

Cl  —p  u 

‘bability  of  lofing,  gives  ^or  the  Expectation,  in  Cafe  of 

1  r  T)  .  .  r  n  1  JPa+Ra+Sa+JPb  .  n 

loiing:  Eut  it  is  manifelt,  that  -  - the  Sum 

Ch  —j—  V 

of  thofe  two,  muft  be  equal  to  his  total  Expectation 

in  this  Circumftance ;  whence  by  Reduction  we  have  Sa=Rby 
or,  R  to  Sy  as  a  to  b ;  and  hence  it  appears  that  the  Values 
of  the  aforefaid  Increments,  Ry  Sy  Ty  Vy  &c.  are  fuch,  that 
any  one  of  them  is  to  that  which  immediately  fucceeds  it,  in 
the  given  Ratio  of  a  to  b'y  and  therefore  muft  conftitute  a 
Series  of  Terms  in  geometrical  Progreffion,  of  which  the 
common  Ratio  is  >  Wherefore,  let jy  be  taken  =0  ;  then 

will  R+S+T  (J>),  or  its  equal  +77  (/)>  it:  is 

manifeft,  be  the  total  Expectation  of  A  in  the  propofed  Cir¬ 
cumftance;  and  for  the  fame  Reafon  — +  — r+— 

will  be  his  Expectation,  when  he  has  f-\-q  Stakes  in  Pofleffion; 
but  this  by  the  Queftion  is  =  p  +  q ;  wherefore  R  equal 

i  which  fubftituted  inftead  thereof  in 


:  a  a 


a: 


■(/+?) 


♦be 


Laws  of  GHANC  E. 


h  I'r  If 

'  a  a 

the  other  Expreffion  gives  in.  — -p — pi — p - 

T+i+zi  ‘ 


ci  '  cr  alKi  1  1 


P  ,P 
q  a  — b 


*~~prq - FF?  ^or  t^ie  Expectation  of  A  in  thepro- 

ci  — ti 

pofed  Circumftance  ;  which  fubftra&ed  from  f  +  q  leaves 

_ 

j>-\-qxb  - pp  for  that  of  B  ;  therefore  the  Gain  of  A 

a  — b 

P  jp 
q  a  — b 


•  n  *2  1,1/  '  (/  4  ^ 

is  — f-\-p-\-qxa  x-p- — and  the  Ratio  of  the  Probabi- 

a  — &* 


lities  of  winning  as /x/  —/to  /x/—  /,refpe£tively.  QJLI. 


COROLLARY  I. 

'sir  *  /,  T>  1  Rb  Rb1  Rb1  ,  N  .t1 

When  ^  is  =£,  then  A-| - 1 — r-{ — -  (  p  )  will  be 

Cl  Cl  cl 

~pR  j  and  the  Odds  dire&ly  as  the  Stakes  to  lole. 

COROLLARY  II. 

q  p  P  p  q  q  p 

If  then  will  a  %a  — b ,  to  b  xa  — b ,  become  as  a 

p 

to  b  ,  for  the  Odds  in  this  Cafe. 

COROLLARY  III. 

When  b  is  confiderably  fmaller  than  a, ,  and/  and  q  large 

p  q  p 

Numbers,  b  and  b  will  be  inconfiderable  in  reipeft  of  a 

and  a  5  and  therefore  in  that  Cafe  the  Odds  will  be  as  a  to 

b ,  or  as  x  to  nearly.  •  - 

•  **•*• 

EXAMPLE. 

Suppose  B  to  be  throwing  with  2  Dice,  and  every  time 

that 


4^7 


The  Nature  and 

that  i  Aces  come  up,  A  to  give  him  i  Guinea,  and  every 
time  that  an  Ace  and  Duce,  B  to  give  A  one,  and  that  they 
agree  to  continue  to  play  on  in  this  Manner  till  one  of  them 
is  a  Winner  of  ioo  Guineas j  To  find  the  Expectation  of 
each,  and  the  Advantage  or  Gain  of  A  by  this  Agreement. 

Becaufe  there  are  2  Chances  for  an  Ace  and  Duce,  and  only 
1  for  2  Aces,  a  will  here  =2,  and  b=zi,  and  therefore  the 
Odds  (by  Cor .  II.)  as  2100,  to  1 100  or  as 

1  ^67000000000000000000000000000,  to  1  nearly;  whence 
the  Expectation  of  A  will  be  and  that  of  B}  200 


2IO°+I 


which  is  not 


2  -j-  j 

Part  of  a  Farthing; 


1000000000000000,  6Cc. 
therefore  the  Gain  of  A  is  ioo  Guineas  leffened  by  thatfmall 

Quantity. 

PROBLEM  XXL 

nrWO  Gamejlers ,  A  and  B,  are  at  Play  together ,  and  the 
latter  having  loji  (ft)  Stakes ,  is  determined  not  to  give 
out ,  till  he  has  won  them  again  ;  To  find  the ‘Probability  that 
he  never  effects  his  Dejlre ,  fiuftftojing  the  Play  to  continue 
without  Limitation  ;  his  Number  of  Chances  (b)  for  winning 
any  ajjigned  Game  being  lefis  than  (a)  that  for  the  contrary . 


SOLUTION. 

T t  appears  by  the  laft  Problem  that  the  Odds  of  As  win- 
ning  q  Stakes  before  he  lofes  ft  Stakes  will  be  as  a  xa  — b  to 

if  xa — lfi\  Therefore,  becaufe  B,  if  he  ever  wins  his  ^  Stakes 
again,  muft  do  it  before  he  is  a  Lofer  of  an  infinite  Number 
of  other  Stakes,  let  q  in  the  above  Proportion  be  fuppofed 
infinite,  then  it  will  Ihew  the  Odds  in  this  Cafe ;  but  then 


49 


Laws  of  CHANCE. 


as  $  will  bear  no  Companion  with  a  ,  it  will  be  as  cf  — b  , 
to  that  is,  as  a — to  $ ;  therefore  the  required  Pro¬ 

bability  is  i — pf. 


PROBLEM  XXII. 

tT'0  find  the  Chances  that  there  are  for  Throwing  precifely 
any  Number  of  Points  (p),  with  any  Number  of  Dice 
(n),  each  Die  having  a  given  Number  (f)  of  Faces . 

SOLUTION. 


First,  let  there  be  a  Set  of  Dice,  having  each  p,  or  a 
greater  Number  of  Faces ;  then  the  Chances  for  and  all  its 
inferior  Numbers,  on  n  fuch  Dice,  will  be  equal  to  the  Chances 
for  throwing  /+i  Points  precifely  with  n-\-i  of  the  fame 
Dice  j  fince  it  is  evident  that  with  all  the  Chances  for p  on 
the  n  firft  Dice,  the  Ace  of  the  new  added  Die  may  be  com¬ 
bined,  and  with  all  the  Chances  for  i  the  Duce  of  the 
fame,  &c.  And  therefore  if,  in  the  annexed  Scheme,  i,  2, 
3,  or  4,  SvC.  be  put  to  denote  the  Number  of  Dice,  and p — 2. 
p — 1,  or  jp+i,  &c.  the  Number  of  Points,  and  the  Quan- 
tities  in  the  Interfe&ion  of  the  Columns  be  the  Chances  for 
throwing  the  laid  Points  with  thofe  Dice  }  that  is,  if  for 

throwing  p —  1  Points  with  3  Dice  the  Chances  be  C\  for  p 
Points  with  4  Dice,  Z),  &c.  SCc 
it  is  manifeft,  that  B  will  = 

1  11  in  1  _ 

A+A+A+A,  Sec.  D=^C+ 

C-\-C\  &c.  Z)=6'-f  (7,  &c.  and 
therefore  D — and  con- 

fequently,  for  the  fame  Reafon, 


|i|2|3l4l5l6l7 

&c.  |  &c.  |  &c.  |  &c.  |  &c.  j  &c.  j  &c.  |  kc. 

f>~-  2. 

'a 

II 

B 

II 

C 

II 

D 

II 

E 

II 

F 

1! 

G 

P— 1 

'a 

'b 

1 

c 

1 

D 

E  |  F  |  h 

P 

A 

B  |  C  |  D  |  E  J  F  |  G 

H*1 

A 

1 

B 

1 

c 

1 

D 

1 

E 

i 

F 

1 

G 

1 

i 


So 


.  The  Nature  and 

E _ E=D,  F—F—E,  Kc<  £yc.  Wherefore  it  appears  that  the 

Values  of  B,  C,  SCc.  arefuch,  that  increafmg  /  by  Unity  they 
will  be  augmented  by  i,  A,  £,  £Cc.  Whence  by  the  Method 
of  Increments  thole  Values  are  eafily  had  equal  to  /—  i, 

■p—ij—i  f^EyJ^zlxPzZA  £yc.  refpedively.  There- 

1  2  ’  i  a  3 

fore  it  is  manifefc,  that  the  Number  of  Chances  for  throw- 

?  .  .  P -  I 

ing  /  Points  precilely  with  n  fuch  Dice  will  be  —  x 

tuljAZl  ( n—\ ).  But  now  in  order  to  find  the  required 

2  3  • 

Value  from  hence,  let  the  Chances  exprefs’d  by  this  Series  be 
called  S,  and  any  one  alfigned  Die  A.  another  i?,  a  third  C, 
£Cc.  and  luppofe  the  Points  on  each  Face  where  the  Number 
is  greater  than  f  to  be  red,  and  .thc  reft  black  ones ;  and,  for 
the  Sake  of  Perlpicuity,  let  the  red  or  black  Faces  of  any 
Die  be  called  the  red  or  black  Part  of  that  Die  :  This  being 
premiled,  it  is  evident  that  the  Chances  for/  Points  precifely 
with  n  of  thefe  Dice,  lo  as  to  have  the  red  Part  of  the  Die 
W,  always  upwards,  will  be  exactly  equal  to  the  Chances  on 
the  fame  Dice  for/—/,  without  any  Reftricticn.  For  let  the 
Points  on  each  red  Face  of  that  Die  be  conceived  to  be  di- 
minifhed  by  /  then  as  one  or  other’of  the  Faces  fo  diminifti- 
ed  is,  in  this  Cafe,  always  upwards,  the  Number  of  Chances 
for  /  before  fuch  Diminution  will  confequently  be  equal  to 
the  Chances  for  /— j '  after  it,  that  is,  if  /— /  be  put  =q> 

equal  to  2— — -x— ■---  ( n — i)  by  what  has  juft  now  been 

determined.  And  from  the  fame  way  of  Reafoning  it  is 
plain  that  the  Number  of  Chances  for  /  Points,,  lo  as  to 
have  the  red  Parts  both  of  A  and  B  always  upwards,  is 

(K — j) ;  And  for  throwing  the  fame  Points, 

i  a  3 

lb 


Laws  of  CHANCE. 

To  as  to  hare  the  red  Parts  of  A,  B,  and  C  upwards, 
£llAx"r-— (n—i)  &c.  2tc.  r,  s,  t,  &c.  being  equal  to 

I  2.  3 

p—if,  7 — 3/5  7—4 .fy  &Cc.  refpedtively.  Now  let  thefe  Quali¬ 
ties 


2zAv±zL£ — 2  («— 1),  - — -x- — -xL_l(«_i),  &c. 


1  a  3 

be  refpedtiyely  denoted  by  G,  i7,  7,  AT,  &c.  And  let  the 
Chances  in  5,  where  the  red  Part  of  xZisup  alone  without  other 
red  ones,  be  called  g\  thole,  where  the  red  Parts  of  A  and 
B  are  up  together  without  others  of  the  fame  Colour,  h  ;  thofe, 
where  the  red  Parts  of  A \  By  and  C  are  all  up  together  with¬ 
out  other  red  ones,  /,  2£c.  &c.  Then,  it  is  evident,  thatg  is 
alfb  the  Number  of  Chances  for  having  the  red  Part  of  B 
alone,  or  of  C  alone,  £Cc.  and  therefore  all  the  Chances  in  6 
for  having  one  red  Face  precifely  will  be  ng :  Alip  as  h  is  the 

Chances  wherein  either  A  A  Z),  B  C ,  or  C  7),  &ic. 
are  red,  and  the  reft  black;  and  becaufe  thefe,  the  Combina- 

_ j 

tions  of  n  Things  taken  2  by  2,  are  in  Number  =»x— — , 

the  Chances  in  S,  with  2  red  Faces  precifely,  in  each,  will 

therefore  be  h  \  and  farthermore,  fince  the  Number 

of  Combinations  of  n  Things  taken  3  by  3,  4  by  4,  &c.  is 
n 


;/x 


1  n- 
— x — 


2  ,  n — 1  n- 
— ,  and  //x— x— 


-x- — — ,  8tc.  it  follows  that 


23'  a  3  4 

the  Sum  of  ail  the  Chances  in  .5,  with  one  or  more  red  Faces, 

in  each,  will  be  ng-^nx— — —  h-\-n'A  - — x  -  /,  o^c.  which 

2  23 

fubftracled  from  5,  the  whole  Number  of  Chances,  leaves 


S — ng — ;/x 


n 


.  n —  1  n — 2  .  n 
h — //x x - 1 — nx~ 

*  3 


—  1  n — 

- x — 

°  3 


2  n — 3 
x- 


2  .a  A  '  -  ■  a  ,  j  4 

6Cc.  for  the  Number  of  Chances  with  black  Points  alone 

which  is  trranifeftly  equal  to  the  Number  fought.  But  now 

to  get  rid  of  g,  h,  Xc.  let  be  the  Chances  in  5  that  are 

made 


S I 


4 
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made  with  the  red  Parts  of  any  Number  a  of  affigned  Dice, 
as  Ay  B ,  £7,  &Cc.  without  other  Parts  of  the  fame  Colour ;  or, 
which  is  the  fame,  let  ^  denote  any  one  of  the  faid  Quanti¬ 
ties  gy  h ,  &c.  and  let  p  denote  the  Chances  in  <S,  haying  in 
each  of  them,  alfb,  precifely  a  red  Parts,  but  only  a  given 
Number  c  of  them  affigned  ones,  the  other  a — c  being  varied  as 
often  as  poffible;  then  as  the  Number  ofDiceorPartsto  be  thus 
varied,  or  combined,  is  n — r,  the  Number  of  fuch  Combina- 

-  (a-c),  by  Trok  III. 


M1  t  n—c  n—c—i  n—c 
tions  will  be - x - — — x - 


I  2  3 

And  therefore  the  Number  of  Chances  in  the  latter  of  thefe 

-  ^  •  n  n — c  n — c 

2  Cafes,  juft - x — 


i  n—c — 2  ,  \  . 

-x - ( a — c)  times  as  great  as 


,  .  t  r  m  ^  n — c —  I  n  —  c— 2 

that  in  the  former,  or,  in. - x — x - - - 

A  J*  i 

(a—c).  Now  taking  c—  i,  and  a  equal  to  i,  2,  3,  4,  &c. 
fucceffively,  becomes  g>  h,  /,  6Cc.  and  T  equal  to  gy 

71  1  h ,  - — — -  /,  - — -x- — -x- — -  ky  &c.  refpe&ively ; 


1  '  1  2  7  1  2  3 

therefore  as  thefe  Quantities  refpectively  fhew  the  Chances 

in  Sy  having  the  red  Part  of  A  alone,  or  with  1  other,  or  2 

others,  SCc.  precifely,  their  Sum  muft  confequently  be  equal 

to  G,  all  the  Chances  in  S  with  the  red  Part  of  A ;  and  there- 

71—1  n  2  ^  In  like  Manner  by 


fore  g—G — - h 


1  12 

taking  c— 2,  and  a— 2,  3,  4,  &c.  fucceffively,  6 Cc.  we  have 

n — 3  l  n — 3 


,  TT  n — 2  .  71- 

Id— H - / - 


2  n — 3 
— x - — 


&c.  i—I- 


x 


4 


/,  &c.  Whence  by  fubftituting  thefe  Values  one  by  one  in 


o—ng — ;/x - -  h 


have  5 — #G+#x 


72x 

7/ — 1 


0* 


■i x- — -  /,  SCc.  as  above  found,  we 


rT  7/ — 1  71- 
11— n x x— 


2  T  ,  n—\  n—  2 

—  J-f  »x - x  "  x 


« 


2 


3 


L  aw  s  of  CHANGE, 


n 


>***• 


»— 


1  SCc.  where  by  reluming  the  known  Values  of  5,  G* 


H,  SCc.  there  will  be 

(n—  i) 

_ °LzLy5  — x- — -  — i)  in,  # 

i  ^  3 


;/x- 


7/ — I 


f —  T  f—  2  r — 3  /  \  • 

+L_ix— x^(«-i)m. 

_ £ZZi.x^— ^  («— i)  in.  »x - x 


m —  i  » — 2 


2  3 


12  3 

&Cc.  where  q  is  —p~~f,  r~P  2A  J==?  3/>  ^c 

aad  the  Number  of  Series  to  be  continued  till  fome  one  Fac¬ 
tor  becomes  Nothing  or  Negative.  E.  I. 

COROLLARY. 

Hence  the  Chances  for  not  coming  up  a  greater  Number 
of  Points  than  p  at  any  affigned  Throw  is  very  readily 
determined,  being  equal  to 

— -  (») 


q% 


2 — l-yS — -  (n)  in 


n 


rx- 


Kc. 


a  3 

T"  I  T — 2 


(;/)  in  7/x 


n— i 
a 

SCc. 


EXAMPLE  Is 

Let  it  be  required  to  find  the  Odds  that  a  Perfon  at  the 
firft  Throw  with  2  common  Dice  does  not  throw  juft  8  Points  \ 
then  f  being  =5,  p= 8,  and»  =  2,  the  general Expreffion  be¬ 
comes  =7—2=5=  the  Number  of  Chances  for  8  Points, 

O  which 

*  . 


The  Nature  and 


which  therefore  taken  from  6a,  the  whole  Number  of  all  the 
Chances,  leaves  31  Chances  for  the  contrary;  whence  the  re¬ 
quired  Odds  is  as  31  to  5. 

Note,  When  the  T obits  propofed  to  be  thrown,  according  to 
the  ‘Problem ,  is  nearer  to  the  great  eft  Number  that  can  be 
had,  than  the  leaft ,  it  will  be  convenient  to  ufte  inftead 
thereof  that  Number ,  as  far  diftant  from  the  lejfer  Ex¬ 
treme ,  as  it  is  from  the  greater,  the  Chances  for  both  being 
manifeftly  the  fame • 


/  EXAMPLE  II. 

How  many  Chances  are  thereto  have  50 Points,  precifely, 
on  10  Dice  ?  Here  20  being  as  much  greater  than  one  Ex¬ 
treme  (10)  as  50  is  exceeded  by  the  other  (do),  we  fliall  have 


J?=2C,  »=  10,  f=6,  $r=!4,  r=  8,  s 
^xfx^x^x^x^xfx^x^—  i?x?xVx!2x|xJx;x!x| 
the  Number  that  was  to  be  found. 


and  therefore 
=  85228, 


EXAMPLE  III. 

What  is  the  Odds  that  at  the  firft  Throw  with  10  Dice 
there  fliall  come  up  more  than  15  Points?  Here  taking  n=io, 
f=6 ,  /=i 5,  and  fubflituting  thefe  Values  in  the  fecond  ge¬ 
neral  Expreffion,  we  fliall  have  3003  for  the  Number  of 
Chances  by  which  15  Points  and  all  its  inferior  Numbers  may 
happen;  this  taken  from  60466 i7d=6T°  the  whole  Number 
of  Chances  leaves  60463173  ;  therefore  as  60463173  to  3003 
fo  are  the  Odds. 


A 


Laws  of  C  H  A  N  C  E. 

A  Ta  ble  exhibiting  the  Chances  by  which  any  Number  of 
Points  may  be  precifely  had  with  io  common  Dice. 


Points. 

Chances’ 

Points.  | 

Chances. 

Points. 

Chances. 

Points. 

Chances. 

O 

• 

o 

1 

17  •  53 

I  1340 

24 . 46 

576565 

3 1  •  39 

3593610 

ii  .  59 

10 

18  .  52 

23760 

2  5  •  45 

831204 

3 2  •  38 

3801535 

12  .  58 

55 

19  .  51 

46420 

26  .  44 

1151370 

33  •  37 

4I2I26o 

13  •  57 

220 

20  .  50 

85228 

27  •  43 

1535040 

34  •  36 

43 253 10 

14 . 56 

7i5 

21  .  49 

147940 

28 . 42 

1972 63O 

35  •  35 

4395456 

i5  •  55 

2002 

22  .  48 

243925 

29  •  4* 

2446300 

Total  of  all  the  Chances 

1 6  .  54 

4995 

7% .  47 

383470 

[30 . 40  2930455 

being  6110 

==60466176 

PROBLEM  XXIII. 

'jnHERE  is  a  Solid  having  (m)  fimilar  and  equal  Faces, 
whereof  (ft)  are  marked  A ;  (q)  of  them,  r ,  C \  &c. 

What  is  the  F rob  ability  that  in  throwing  lift  a  given  Number 
(n)  of  fuch  Solids  there  Jhall  arife  a  given  Number  (h)  of  af 
figned  Sorts  of  Faces ,  as  A7  By  C\  &c. 


SOLUTION. 

The  Probability  that  no  A  fhall  come  up  being 


m- 


71 


m 


mn- 


■m- 


m 


and 


(by  Frob .  I.)  that  of  the  contrary  muft  be 

therefore  as  the  whole  Number  of  Chances  is  mn,  that  for 
having  one  or  more  A  upwards  will  confequently  be  nf — - 
m — f[r\  that  is,  there  ar  cm” — m — ft\n  different  W  ays  by  which 
the  Faces  of  the  Solids  may  be  varied  to  have  one  A  or  more 
up  at  each  Variation.  Therefore  if  all  the  Faces  marked  B  be 
now  reftrained  from  coming  up,  then  there  being  only  m — q 
Faces  that  can  ariie,  the  laft  Expreflion  will  (by  fubffituting 

■m — q  inftead  of  m\  it  is  evident,  become  m — q{‘ — m — ft — ~ql\ 
equal  to  all  the  V ariations  that  can  poflibly  be  made  to  have 

:  '  '■  A 


mn- 


The  Nature  and 

A  up,  when  B  is  reftrained  from  appearing  ;  which  therefore, 
being  fubftracted  from  nP—m—ft I",  the  Probability  of  haying 
A  up,  without  any  Reftriction  upon  B ,  leaves 

rn~d\n  m—p — q\  for  the  Number  of  Chances  to. 
m — q\ 

have  both  A  and  B  upwards ;  fince  it  is  felf  evident  that  in, 
all  the  faid  Variations  for  A ,  either  B  muft,  or  muft  not,  be. 
upwards.  In  like  Manner,  if  the  C’s  be  all  reftrained  from 
coming  upwards,  m ,  the  Number  of  Faces  in  each  Solid,  may 

conceived  to  be  reduced  to  m—r,  and  then  the  laft  Expref. 

- „  m — P — r\n 

lion  will  become  in — r |  — 


m- 


■f 


— j. .  -f  m — f — q — r  ”  for  the. 


Number  of  Variations  that  can  be  made  with  A  and  B  up, 
when  C  is  reftrained  from  appearing  ;  Wherefore  this  taken 

from  mn—  n^—-TA-m—i>—q\\  as  found  above,  muft  leave 
m — q 


m — p\n 

1 

1 

m71 — 

m — (A 

+ 

m — p — r\ 

— m — -p—q 

- 

m — r\ 

•m — q — rX 

ber  of  different  Ways  by  which  A, ,  B  and  C  may  be  all  up¬ 
wards.  By  the  fame  Method  of  Realbning  the  Chances  fox 
haying  A ,  B ,  C  and  D  all  upwards  will  be  found 


nfi- 


m — pY 
m — q? 
m — rX 


m 


+ 


.  Ml 

m — p—q\ 

m — p — 

m — p—q—rX 

m — p — s  r 

rn — p — q — sY 

m—q — r\" 

m — p — r — s\ 

m — q — s\n 
m — r — s  \ 

m — q—r — s  |” 

-'rTn—p—q—r—^ 


Whence  the  Law  of  Continuation  is  manifeft.  Wherefore 
dividing  the  Quantity  thus  refulting  by  the  whole  Num¬ 
ber  cf  Chances,  the  Quotient,  it  is  manifeft,  will  be  the  Pro¬ 
bability  required. 


COR- 


SI 


Laws  of  CHANGE. 


COROLLARY,  L 

Wherefore,  when/,  q,  r,  &Cc.  are  equal  to  one  another, 
the  Number  of  Chances  in  the  laft  Cafe  will,  it  is  evident, 

become  nf- —  4X m—/ 1 n  -f  - 6  x  m —  0/ \ *  —  4  x  4/f^ 

where  the  Unciae  are  thofe  of  a  Binomial  raifed  to  the  Power 
whole  Index  is  equal  to  the  Number  of  Sorts  B,  C \  D , 
whole  Chances  for  happening,  all,  upwards  are  exhibited  by 
that  Expreffion;  and  the  like  appears  in  any  other  Cafe* 
Therefore  when^>,  q,  r,  SCc.  are  as  above  fpecified, 

mn — hxm—ffl x^-“X  m  ~~  3/1* 

mn 

&c.  muft  confeqnently  be  the  Value  propofed  to  be  found* 

COROLLARY  II. 


Because  when  m  is  a  large,  and^  a  fmall  Number,  the 
Quantities  mn,  m—/ 1%  m — i/T,  &c.  are  nearly  in  a  geome- 


trical  Progreffion,  or  equal  to  mn ,  m—f\ 


m 


,  &c.  re- 


fpe£lively,  the  above  Expreflion,  in  this  Cale,  will  be  nearly 

h — 1  m — f\‘ 


equal  to 


mn — h%m — - x n  )  &c. 

1  -  1  mn . 


1  +^x — r — x  1  — £\ 


zn 


mn 

h — 1  h — 2 


h  x 


Ax 


x - x  1— ;£li * 3”,  Stc.  or,  that 


Power  of  the  Binomial  1  —  1 — £■]”  whole  Index  is  h,  that  is  = 

i  —  i — ;  and  therefore  if  the  required  Probability  be  de¬ 

noted  by  Y5,  in  this  Cale  jP  will  =  1  — TTffff  very  nearly  : 

Log.  1  —  T7, 


Whence  — 1  — 1  —  =1 — T^and//—^^* - 


( a 

m 


p 
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The  Nature  and 


i 

=— £  in  hyp.  Log.  i—Th nearly  j  by  which,  if  T  be  given, 
»  may  be  obtained. 

EXAMPLE  I. 

One  with  2  common  Dice  undertakes  to  throw  both  the 
Numbers  5  and  7  at  3  Tryals;  What  are  the  Odds  againft 
him?  Here  if  we  fuppofe  a  Die,  or  Solid,  having  36  Faces, 
whereof  4  are  marked  Ay  and  6  B^  it  is  manifeit  that  the 
Probability  of  throwing  both  A  and  B  in  3  Throws  with  that 
Solid,  is  the  lame  as  that  of  throwing  both  the  Numbers  5 
and  7  at  3  Tryals  with  2  common  Dice :  Wherefore,  according 

to  the  general  Theorem  we  have m=$6yf =4*  q=6y  #=3,  and 
m—f\"  * - - - s„ 

t  8^  1 5^  1 33 


whence  the 


Odds  is  as  2^3  to  3 1. 


.6 


,  if=_3»  &c. 

1+4  v/JlL  be  the 


EXAMPLE  II. 

Let  it  be  required  to  find  the  Probability  that  a  Periort 
in  throwing  6  common  Dice  fhall  bring  up  the  Ace,  Duce 
and  Tray. 

In  this  Cafe,  11  is 
Therefore  (by  Cor.  I.)  - 
Value  fought*  .  7  _ 

EXAMPLE  III. 

To  find  in  how  many  Throws  with  a  fingle  Die  one  may 
undertake  to  throw  all  the  6  Faces. 

By  comparing  this  Cafe  with  Cor.  II.  we  have  n—  r,  m~6y 
/;  =  6,  and  ( n  )  tire  required  Number  equal 


Log.j_£f_ 
Log.  1—5. 


PR  OB. 


Laws  of  CHANCE/. 

PROBLEM  XXIV. 

/  i  I  ■  .  '  T.t  ,1 ,  .  V  | 

*~i PO  find  the  Trobability  that  a  propofed  Event  Jhali  happen 
^  a  green  Number  of  Times  (p)  without  Intermiff  on  in  a 
given  Number  (n)  of  Tryals . 

SOLUTION. 

Let  r  be  the  Probability  of  Happening  of  the  propofed  - 
Event  at  any  affigned  Tryal,  and  m  that  of  the  contrary ;  and 
upon  the  Happening  of  the  laid  Event  p  Times  fucceffively, 
let  a  Perfon,  B ,  receive  a  certain  Sum  S :  Then  will  the  Pro¬ 
bability  of  receiving  that  Sum  at  the  End  of  an  affigned 
Number  of  Tryals  be  compounded  of  3  others;  as,  fir  ft,  The 
Probability  of  Happening  of  the  propofed  Event  p  Times  in 
fb  many  Tryals  :  Second,  That  of  its  Failing  the  Time  im¬ 
mediately  preceding  thole  Tryals  :  And,  laftly,  That  of  his 
not  having  received  it  before  that  Time.  For  if  the  firft  fuc- 
ceed  not,  the  Thing  is  manifeftly  impoffible ;  if  the  lecond 
prove  contrary,  he  muft  either  not  receive  it  at  all,  or  at  the 
End  of  feme  of  the  preceding  Tryals;  and,  laftly,  when  he 
has  once  received  it,  there  can  be  no  farther  Probability  of 
obtaining  it  from  any  future  Tryal. 

Therefore,  as  the  Probability  of  the  propofed  Events 
failing  any  one  affigned  Tryal,  and  then  happening  p 
Times  without  Intermiffion,  is  m%r\  (by  Erob.  I.),  if  rf  be 
put  —a,  and  ;^xr/)=A’,  we  fhali  have  x  equal  to  the  Proba¬ 
bility  of  his  receiving  the  laid  Sum  at  the  End  of i,y>~J~2, 

y?+3  . °r  p~\~p  Tryals,  becaufe,  it  is  manifeft,  the 

laft  of  the  aforenamed  Probabilities  does  not  take  Place  till 
after  the  ip  firft:  Tryals :  But  the  Manner  how  each  Value 
is  derived  from  the  preceding  ones,  and  the  Relation  they 

bear 


S9 


6o 
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hear  to  one  another,  will  appear  better  by  help  of  the  follow* 
ing  Scheme*  wherein  the  lecond  Column  towards  the  left 
Hand  Ihews  the  Probability  of  receiving  that  Sum  at  the 
.End  of  a  given  Number  of  Tryals  reprefented  by  the  firft ; 
and  the  third,  the  Probability  that  he  receives  it  lome  time 
in  thole  Tryals*  Each  Line,  or  Expreffion,  of  the  lecond 
Column  being  formed  by  drawing  x  into  the  Excefs  of  Unity 
«aboye  the  Value  of  that  Line  of  the  third  Column,  whole 
Diftance,  or  Place  above  the  Line  fo  formed,  is  denoted  by 
according  to  the  Reafons  above  fpecified,  this  laft 
Column  being  generated  by  a  continual  Addition  of  the  Terms 
of  the  former. 


Tryals. 

Probability. 

■Probability. 

t 

a 

a 

/+! 

X 

Cl%~\~X 

X 

a-\-ix 

&c. 

X 

SvC. 

2p 

X 

- * . . ^ - - 

a+px 

ip+ 1 

xxi — a 

a— ax  -\-p  -j- 1  xx 

2p  +  2 

xxi — a — x 

a—  2ax  -\-p  2xx — xz 

zJ>+3 

xxi — a — 2X 

a— 3  ax  +/ + 3  xx— 3  xz 

xxi — a — %x 

a — /\.ax  -\-p  j^.xx — 6xz 

3/ 

xxi— a— p — ixx 

a—pax+ ipx—pxtil 1  x* 

Now  from  having  proceeded  thus  far,  the  Law  of  Continuati¬ 
on  is  manifeft  ;  The  Value  of  the  3d  Col.  or  the  required  Pro¬ 
bability,  in  any  Cafe  (where  n  is  not  lefs  than  p)  being  a  in 

1 — 


Laws  of  CHANCE. 


II 


m 
in  n 


III! 

mi  n- 


V  V 


* 

If/t . 


j  — 'HX  tl  X  "X  *  11  x 


ini 

—  i  n — 2  .  ,  n — i  n — 2  n 

— x — xl +;rx - x- — ~x - 

2  3  2  '  3  4 

11  in  tin  tw 

u  71 — i  ,  ,  in  n — 2  ,  mi  n  —  1  n —  2 


3 


Jcc.  Plus  nx—n* - P+8x~x’-®x 

?  a  A 


X 


X 


mi 

w — 3 


4 

Q.  E.  I. 


/  II  /// 

x4,  &Cc.  where  is  put  n—n-ip,  oC c. 


EXAMPLE  I. 


Let  it  be  required  to  throw  a  propofed  Chance  3  times 
without  Intermiilion  in  10  Tryals;  when  the  Odds  for  its 
happening  any  afligned  Tryal  is  as  2  to  1  :  Then  taking  r= 

'2  1  /  .  * 

-  m— — : — ,  P—3-,  »=io;  we  have  0=7,  ^=4? 

2+1  2  +  1 

V=4,  and  therefore  1 —  g+Sf— for  the  Proba¬ 

bility  in  this  Cafe. 

E  X  A  M  P  L  E  II. 

In  200  Throws  with  a  fingle  Die,  what  is  the  Odds  that 
the  Ace  does  not  come  up  8  Times  fucceffively  ?  Here  r  be- 

=  i?  8,  0  =  200,  our  Series  become  ^3  x 


mg 


j i  5X  T.93 — f  g£C#  =.00005)66442 

nearly  j  which  fubftrafted  from  1,  leaves  .5555033558  •  there¬ 
fore  the  required  Odds  will  be  as  >  ^c*  to  *00005166442, 

or  as  10356  to  1  nearly. 


Note.  Tho’  to  have  the  Answer  accurately  true ,  the 

Series  ought  to  be  continued  till  they  terminate ,  or  fome 
of  the  Factors  become  Negative  ;  yet  if  a  near  Ap¬ 
proximation  be  only  wanted  a  few  of  the  firji  Terms  may 
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fuffice ,  as  in  the  lafl  Example,  where  by  taking  only  a 
Terms  of  each  Series,  the  true  Solution  is  exhibited  to  lefs 
than  ~  Tart  of  the  Whole. 

PROBLEM  XXV. 

A  and  B,  whofe  Troportion  of  Skill,  or  Chance  for  win¬ 
ning  any  ajfigned  Game,  is  as  (a)  to  (b),  agree  to  play  to¬ 
gether,  till  the  former  is  a  Winner  of  (p)  Stakes,  or  the  lat¬ 
ter  of  ( q )  Stakes ;  To  find  the  Trobability ,  that  the  Tlay  be¬ 
tween  them  ends  in  a  given  Number  ( n )  of  Games. 


SOLUTION. 


Case  I.  Let p=i  and  q—2  *  Then  the  required  Value 

T, 

2 aE‘ 


n 

u 


will  be  i 

«— i 

iab\  a 


when  n  is  an  even  Number,  and  i  — 


a-\-b 1 


fizr  when  an  Odd  one. 


K - 1 


Case  II.  Let  ^=3  and  y— 3  ;  Then  1 


$ah\ 


a-\~b  | 


n—-i  y 


or  i  — 


n — 2, 


%ab\ 

d+Fj 

in  this  Cafe. 


— ,  according  as  n  is  odd  or  even,  will  be  the  Value, 


Case  III.  Suppofing  a  and  b,  or  the  Chances  of  the  Game- 
flers  to  be  equal.  From  the  Binomial  1  +  1  raifed  to  the  n 
Power,  cut  off  as  many  Terms  as  there  are  Units  in 

7L  and  of  thefe  take  the  q  laft,  reject  the  p  preced¬ 

ing,  take  the  q  next,  rejed  the  p  next,  &c.  till  all  the  Terms 
are  exhaufted  then  the  Sum  of  all  the  Terms  thus  taken, 
divided  by  in~l,  will  be  the  Probability  of  the  Play  ending 


.Laws  of  CHANCE. 

in  favour  of  yf,  in  the  propofed  Number  of  Games,  if 
v — p  be  an  odd  Number.  And  if  the  Terms,  of  thole  cut 
off,  whole  Di dances  from  the  laft  are  denoted  by  o,  qt  q+p, 

3q~\'-pi  &c.  be  taken  with  Signs  —  and  -f- 
alternately,  and  added  to  twice  the  above  faid  Sum,  and  the 
whole  be  divided  by  a”,  you  will  have  the  Probability  of  the 
fame  in  the  other  Cafe  when  n—p  is  not  an  odd  Number. 


Generally. 


Put  !r2± !+:  = 
2 


m,  and  let  the 


m 


firfl:  Terms  of  exprefled  in  a  Series  be  denoted  by  R  * 

the  m — q  firft,  by  S ;  the  m — q — p  firfl,  by  T *  the  m — iq — p 

firft,  by  U,  &c.  Alfo  let  1=  anc[  the  / laft  Terms 

2  ' 


of  the  faid  Series  be  denoted  by  r ;  the  l—q  laft,  by  s  ;  the 
l—q—p  laft,  by  /•  the  /—  iq—p  laft,  by  v,  8tc.  Then 
the  Probability  of  the  Play  ending  in  favour  of  y/,  in  the 

7)  °t  Jjrtf 

given  Number  of  Games,  will  be  R —  (5x— -  -f-!Zx—  —  U x 

&  d 


if+'  .  ..rTf** 


a 


+JVx 


a 


■~iP 

Ac.+rx|  — 


i  ,  a  a 

+tn  ~m~{, 


+  ,  Stc.  when  the  whole  is  divided  by  a+l]\  And  it 

is  manifeft,  that  what  is  faid  in  either  of  the  a  laft  Cafes 
will  hold  equally,  in  refpect  to  the  Play  ending  in  favour  of 
B,  if  p  be  changed  for  qy  q  for  /,  b  for  a,  and  a  for  b. 

COROLLARY. 


If  q ,  the  N umber  of  Stakes  which  y/  has  tolole,  be  great¬ 
er  than  n  the  Number  of  Games,  then  will  5=0,  T=  o,  8Cc. 

and  Lhe  general  Expreffion  =R+-%  j  which  ihews  the  Proba¬ 
bility  that  he  has  of  being  a  W inner  of  p  Stakes  in  the  given 

Number 


6 4 


The  Nature  and 

Number  of  Games,  when  the  Duration  of  the  Play  is  not  re¬ 
ft  rained  by  what  he  may  happen  tolofe  :  And  this,  when  n—p 
is  an  odd  Number,  and  a~b,  will,  it  is  manifeft,  be  juft 
double  to  the  Probability  that  there  is  of  his  coming  off  an 
actual  Winner  of  q,  or  more,  Stakes  at  the  end  of  n  Games; 
fuppofing  here,  contrary  to  the  Propolition,  the  Duration  of 
the  Play  to  be  limited  to  that  Number. 


Note  i.  That  when  any  Number  of  Terms,  to  be  taken  as 
in  Cafe  the  third ,  is  greater  than  that  of  the  Terms  remain¬ 
ing,  thefe  loft  mufi  be  tfed  inf  e ad  of  the  former. 

Note  a.  That  the  Signs  +  and  —  both  prefixed  to  \  in  any 
Exprejfion,  are  to  be  ufed,  according  as  that,  or  this  fhall 
be  found  neceJJary  to  make  that  Exp  reft  on  a  whole 
Number , 


EXAMPLE  I. 

Let  a—  i,  b—i,  n=n,  and  the  Number  of  Stakes  each 


II - T 


Gamefter  has  to  lofe  =3  ;  then,  by  Cafe  the  ad,  1 


II — I 


- - will  be  the  Probability  that  the  Play  is  ended  in  n 

X  O 

Games:  But  to  find  the  fame,  according  to  Cafe  the  3d,  from 
i+f2+;/x^— &c.  (=1  +  1 1”)  =1  +  11+55+165,  &c.  I 


cut  off  the  5  (=- — ^  firft  Terms,  take  the  Sum  of 

the  3  (q)  la  ft  of  them,  as  55+ 165+330=550,  and  rejeft 
the  reft;  and  becaule  8  (=// — p)  is  not  an  odd  Number,  to 
twice  this  Sum  =1100,  I  add  — 330+1 1,  and  divide  the 
Aggregate  by  211,  and  there  comes  out  for  \  the  Value 
fought. 


EX- 


6s 
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example  it. 

Let  a—b,j>—6,q— 10,  and  n— ai.  From  i  +  1I+2IX“> 
£Cc.  cutting  off  the  firft  STerms  1  +  21  +  210+1330+5285+ 
20345)+542<54+i  1^280,  taking  their  Sum  and  dividing  the 

fan* *  by  IT  »,  have 

of  the  Play  ending  to  the  Advantage  of  A  in  21  Games. 
And  by  taking  the  Sum  of  the  firft  6  of  thofe  Terms  and 

dividing  as  before,  there  comes  out  7f++rthe 

Probability  of  the  fame  Thing  happening  in  Pavour  of  By 

but  the  Sum  of  thofe  two  is  and  therefore  the  Odds 

3  270b 

that  the  Play  is  not  ended  in  21  Games  as  3 -7^  7°73 

7073,  or  nearly  as  n  to  3. 

r  * :  +,  If!  i  ;  1 1  *  .  1  '  L  \J  i 

EXAMPLE  III. 

Suppose  ^=3?  1  2>  and  1  }  then,  ac¬ 

cording  to  the  4th  Cafe,  7?  will  be  =#1I+i  i^io^+55^z+ 
165^+330^,  or  27 x  i6+bb  +  22o+33o-j-33o=  128X 
^84,  5— ^“=128x16,  Z+o,  Sac.  r=£n  +  i i£io^+55£V+ 
i^V=i +22+220+1320=1563,  ^ 


o,  &x.  and  there- 


.  R—sft1  sec.  +rx+&c. 
r  ^  b 

tore 


=  nS3—  is  the  Probability 
1 77 1 47 


a+b  \  1 77*47 

that  the  Play  ends  to  the  Advantage  of  A  in  1 1  Games ;  and 


if  to  this  be  added 


fill—  {hewing  the  like  in  refpecl  to  B, 
*77*47 

there  will  ariie  -ALA?  for  the  required  Probability  of  the 

*77*47 

Play  being  ended  in  i i  Games. 


R 
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PROBLEM  XXVI. 

A  and  B,  whofe  Chances  far  winning  any  fingle  Game  are 
in  Proportion  as  (a)  to  ( 'b ),  enter  into  Play  together.  What 
is  the  Probability  that  A  Jhall  firf  be  a  Loferof  (q)  Stakes 
before  he  is  a  Winner  of  (p)  Stakes ,  and  afterwards  a  Win¬ 
ner  of  (p)  Stakes ,  and  all  this  in  the  firf  (n)  Games  ? 

»i»  • "  l  !  il  K\.  i''  '  1 


1  r  r  c> 


HP 


SOLUTION. 


;  when  the  Play  is 


■ 

It  is  found  in  the  laft  Problem,  that  the  Probability  which 
A  has  of  being  a  Winner  of  p  Stakes  in  the  propofed  Num- 
ber  of  Ganges,  retaining  the  fame  Conftru&ion,  is 
„  c  ~l\Wr  ^p  W&0 

a  a.  b  b 

~  a  +  tf  ~ ~ “ 

fuppofed  to  terminate  upon  his  lofing  q  Stakes,  if  this  fhould 
happen  before  the  n  Games  are  expired.  And  it  appears  by 
the  Corollary  to  the  lame?  that  the  Probability  he  has  of  be¬ 
ing  a  Winner  of  thofe  Stakes,  in  the  fame  Number  of 

Games,  when  the  Duration  of  the  Play  is  not  retrained  by 

,  '  r  at 

what  he  may  happen  to  lofe,  is  A+-^-  :  Therefore  by  lo 

much  as  this  laft  Value  exceeds  the  former,  by  fo  much,  iris 
manifeft,  will  the  Probability  be  expreft,  that  he  fhall  be 
iirft  a  Loler  of  rq  Stakes,  and  afterwards  a  Winner  of p  fuch, 

l\i  7!?+?  7i1?+N 

ox—  — ix-  4-l/x  SCc.  +rx 

a  a  a 


or  this  Excels,  which  is 
~l ^—/vf  'WV  '  6Cc. 


-q  tfWq 
-tx- 
a  a 


a  —j- 


a  ~\~b\ 


will  be  the  Value.  Q^E.  I., 


COR- 
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6j 


COROLLARY. 

When  a  is  —b,  the  Anfwer  will  be  more  eafily  had  by 
the  following  Contraction  of  the  foregoing  Method,  i.  c. 
From  i  + 1  railed  to  the  n  Power,  cut  off  as  many  Terms  as 

there  are  Units  in  — — Ltiii — q  and  of  thefe  take  the  p 

1 

jaft,  reject  the  q  preceding  ones,  take  the  p  next,  reject  the  q 
next,  &Cc.  Then,  if  n—p  be  an  odd  Number,  the  Sum  of 
'  all  the  Terms  thus  taken,  divided  by  in~\  will  give  the 
Value  fought.  And,  when  n—p  is  an  even  Number,  if  the 
Terms  of  thofe  fo  cut  off,  whofe  Diflances  from  the  laft  are 
denoted  by  o,  p,  p+q,  o.p+q,  &c.  be  taken  with  Signs  — 
and  +  alternately,  and  added  to  twice  the  faid  Sum,  and  the 
whole  be  divided  by  a”,  the  Quotient  will  be  the  \  alue 
fought  in  this  Calc. 

•  EXAMPLE. 

Let  a—b,p=Si  q—h  and  11—2.4.  From  i+n+nx 

n~~l.  &c.  (=7+7Y)  cuting  off  the  firft  7  Terms,  and  taking 
a 

the  Sum  of  the  5  laft  of  them,  we  have  ipooa6,  which  di¬ 
vided  by  41  ^4304  (=223)  gives  the  required  Value. 

PROBLEM-  XXVII. 

fN  aParallelopipedon,  whofe  Sides  are  to  one  another  m 
•*  the  Ratio  of  a ,  b,  c ;  To-  find  at  how  many  Throws  any 
one  may  undertake  that  any  given  ‘Plane,  viz.  ab,  may  arife. 

'SOLUTION. 

Imagine  the  given  Parallelopipedon  to  be  circumfcribed 
by  a  fpherical  Surface,  and  to  be  fuftained  by  a  Power  acting 

at- 


The  Nature  and . 

at  its  Center  of  Gravity  in  the  Diredion  of  a  right  Line  {landing 
perpendicular  to  the  Horizon ;  and  while  the  Center  of  Gravity 
and  that  Line  are  fuppoled  to  remain  at  Reft,  let  the  Solid, 
together  with  the  circumfcribing  Surface,  be  lb  moved,  that 
the  faid  perpendicular  Line  may  trace  out  the  Perimeter,  or 
Limits,  of  the  propofed  Plane,  Then  it  will  not  be  difficult  to 
conceive  that  that  Part  of  the  Ipherical  Surface,  which  will 
be  limited  by  the  Interfeclicn,  or  Path  defcribed,  by  the 
laid  Perpendicular,  thro'  fuch  Motion,  will  be  to  the  whole 
Surface,  as  the  Probability  of  the  given  Plane  arifing  at  any 
aftigned  Throw  to  Unity  :  It  is  alio  obvious  that  the  Limits 
of  the  laid  Part  will  be  Arcs  of  4  great  Circles,  whofe  Chords 
are  the  Sides  of  the  given  Plane.  This  being  premiled  ;  let 
the  Parallelopipedon  be  now  fuppofed  at  Reft,  with  its  up¬ 
per  or  given  Plane,  E  H  G  F,  parallel  to  the  Horizon  *  and 

let  the  great  Circles 


other  greatCircles, 

bg,  fa ,  biffed  the  oppofite  Arches  EF,  HG  ;  and  EH,  FG> 
and  EH  and  FG  be  produced  to  meet  bg  lome  where  as  in  D : 
Then  the  Angles  C,  b,  a,  g9  and  /  being  all  right  ones,  the 
Sides  De/,  DC,  DF  will  be  each  po  Degrees,  and  C a  the  Mea- 
fure  of  the  Angle  ^DC.  Wherefore,  if  (720)  twice  the  De¬ 
grees  in  the  Circle  be  put  to  define  the  Content  of  the 

whole 
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whole  fpherical  Surface,  C a  or  it's  equal  HOg  will  exprefs  the 

o 

Content  of  the  Triangle  <?DC,  and  DBc+HDg — po,  that 
of  the  Triangle  HDg  (as  is  proved  in  p.  175).  of  my  Book 
of  Fluxions.)  Whence,  by  taking  the  laft  of  thele  2  from  the 

o 

former,  we  have  po  —  gHD  for  the  Content  of  the  Part 

o  o 

CaHgC  ;  wherefore  as  720  to  4  times  po —  gHD,  or  as 

o 

180  to  the  Complement  of  the  Angle  ^HD ;  fo  is  the  Con¬ 
tent  of  the  whole  Surface,  to  that  of  the  required  Part 
EHGFE.  Now  therefore  to  determine  the  faid  Comple¬ 
ment;  we  have  by  Plane  Trigonometry,  As  l-cy  the  perpendi¬ 
cular  Diftance  of  the  given  Plane  from  the  Center  of  Gravity 
of  the  propofed  Solid,  to  Cm  (=\b)  half  one  Side  of  that 
Plane,  fo  is  ( 1 )  the  Radius  of  the  Tables,  to  hcy  the  Tangent 
of  C a9  or  HD^ ;  and  as  the  laid  Half-Diftance  is  to  C n  Qa) 
half  the  other  Side,  lo  is  Radius  to  ~  the  Tangent  of  Cg,  or 
Co-tang,  of  Dg  :  Therefore  in  the  Right-Angled  Triangle 
HDg  there  is  given  (c-)  the  Tangent  of  the  Angle  D,  and  (|) 
the  Co-tang,  of  the  Side  Dg-,  from  whence  the  Sine  of  the 

former  and  Co-fine  of  the  latter  will  be  eafily  had  -  ^  r 

ccArblfa 


and 


a 


aa-\-ccl 

b 


T  relpe&ively,  and  then,  per  Spherics ,  it  will  be  as 


a 


ah 


the  Sine  of  the 


1  •  I  *  *  1  •  .  I 

cc~\~bb\'z  aa~\—  cc\z  aa— j~ cc'rbb-\~L(\z 
Complement  propoled  to  be  found. 

Now  therefore  let  A  be  put  for  the  Angle  whole  Sine  is 

-  .  ■  . . ^  and  x  for  the  required  Number  of  Throws } 

aa+ccxbb+ccY 

then,  it  follows  from  what  has  been  laid  above,  that  the 

Probability  of  the  given  Plane  arifing  at  any  affigned  Throw 

will  be  35}  therefore  that  of  the  contrary  being  1  — we 

S  fhall 
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TO 


fhall  have  i— equal  ;  and  confequently  x  equal 

JL)  I 

nearly.  E.  I. 


L:a 


180 


or  i—.- 


COROLLARY.  L 

When  a,  b,  and  c  are  equal,  the  Parallelopipedon  becomes 

a  Cube,  and  =1=  the  Sine  of  30  Degrees \ 

aa~\-ccrbb-\-ccY  __ 

therefore  in  that  Cafe  A=^oy  and#; 


i»4-5 


xi— 3-8- 


ab 


COROLLARY  IL 

If  the  given  Plane  ( ab )  be  but  fmall  in  refped  of  the 

db 

others,  then  the  Sine . . . -  ■■  being  alfo  fmall,  will  be 

aa+ccxhb+ccf 

nearly  as  A  its  Correfponding  Angle,  that  is, _ _ 

a  a  -j-  ccx  bb-\~cc  j2-* 

o 

will  be  to  3.141,  &c.  as  A  to  180;  whence  A  equal 

- - - r  nearly ;  which  Value  being  fubfti- 

3 . 1 4 1 6x^ + crx  + ccf  1 

j  •  M4.C  /4.u  ,  ‘  \  .  i.ixaa-j-ccxbb-j-cc]*  r 

tuted  in  (then  nearly  =*’)  gives - ^ 1 — -  for 

the  required  Number  of  Throws  in  this  Cafe. 


LEMMA  I. 

OUffioJtng  Ay  i?,  Q  &c\  to  be  the  Coefficients  of  the  Tower  of 
^  a-\-xy  whofe  Exponent  is  or ,  A  +  Bx + Cxz + Dx\ 

—a-\-x\:  To  find  the  Value  of - — — -•-] - —7— A - —~r\ 

J  1  -a-3  (')  2.3.4  (r)  3-4-5  if) 

E)x*  Ex^  r 

-f  ~rrz?z\ + w~~S7Z\  •>  'm  finite  Terms ,  r  being  any 

whole 


4*5*6  (r)  5.6.7  (r)' 


i 
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whole  pojitive  Number ,  and  n  any  fojitive  Number ,  or 
negative  one ,  except  an  Integer  lefs  than  r+i. 

Since  J+Bx+Cxz+Dx\  &c.  is  =~a+x 1",  J+Bx+ 
Cx\  £tc.  xA  will  therefore  —a+x l”xxr ;  whence,  by  taking 
the  Fluent  continually  of  the  laft  Equation,  we  have, 

K-ft-gf1  “  “HU"  “*  +T’ 


71 


&c.  Second, 


a 


~j~xi 


n-\-z 


Y—2. 


a 


nAyz 


'Y—Z  . 

=x  in. 


#+1x^+2 
.^x2,  ,  -5a13  .  Cx4 


xx 


//+IX//+2 


W+1  '  r — z 

*  Y"~'Z  a  XX 

xx  — 


1.2 


1 — — ,  &c.  And,  laftly, 
2.3  3.4 

1 


»+ 1 

n- j-r 


X 


»+ix»+2(r) 

W+r — 2 


X 


;/+ lx^"i-2' (r)  ^+1  x/2+2  (r — 1)  //-)- ix^-f-a (/  2) 


24 


4-r — q. 


X' 


«+ix«+a  (f— 3)  »+ix®+2  (r— 4) 


— T^r+I> 


1-2.3  (r) 


+ 


uBx 


r4*i 


Gcr+1 


2-3-4  (>"7  3-4-5  (f) 

on  by  xr,  we  have 


•,  5 Cc.  Wherefore,  dividing  this  Equati- 


- — sti-Ayr  — r 

Cl-\-X\  XX 


nAyr—  1  •— r 
^  X 


^+1x^  +  2  (r )  f/+ix ^~r  2  (  r  ) 

w+r— i  — r+i  j  n+r— z  — r-fz  , 

a  x  I ax  ^ 


#-f  ix/2+2  (v —  1 )  //+ix^+2  (r 

,8Cc.  E.  I. 


1.2.3(f) 


+ 


Ex 


;  + 


Cx1 


2-3-4  (0  3-4-5  (r) 

LEMMA  II- 

* 

f  jj  'O  find  the  Sum  of  a  Series  of  Towers  whoje  Roots  are 
■*  in  arithmetical Trogrejfion ,  ^ d? + ITT +3^1”  +4*1* + 

&c.  continued  to  x  Terms. 

Let  dn  into  Ax  ~\~Bxn-\-Cx  + Dx  +Ax  ?  ^c* 

1  w  '  u  _l.  AT 


7x 


The  Nature  and 

+K=d’'+^°+JZ"+4d\* . ;  then  muft  d" into 

JTfi(,+ 1 + Bx  + i" 1" + Cx+if~ 1 ,  &c.  +K,  it  is  manifeft, 

be  =  . +x+TTi\n i  wherefore, 

by  taking  the  former  of  thefe  Equations  from  the  latter,  and 

dividing  the  whole  by  d\  we  have  J%x-\-T+'  ~x  +  B  % 


71 — I 


x-\-i\n — xn-\-Cxx+i\  — x  -\-Dxx-\-i\  —x  >  — 
x-{-  i\n  j  where  expanding  the  feveral  Powers  of  x-\-i  in 

Series,  and  comparing  the  like  Terms,  we  get  B 


i  (7=—,  D= o,  £=  . 

39  3.4  2. 3. 4.5.0 


#x# —  1  x# — 2 


y  F  equal  o,  G  equal 

#x#-ix#-2X#-3x#-4^  And  thcrefore  dn+  7d[n  + 

2«3»4*3'*^*'^*^ 


Jd\n 


'xd\n=^ 


W+I  _  W— 1 

_ ^ 

#+1  2  3.4 

n—5 


n  x  « —  1  x  # — ix  x 


n—1 


2.3. 4. 5.6 


,  »x#— -1X«— ax»— 3X» _ 4X*_  I  /r  into  :  which 

+ - a.3.4.5.6-7^ 

111  #x# — ix« — a 

when  x=it  will  become  dn=^fi+l+T 

—  i  _#_  ,  nwi — 1  x// — 2 
2Cc.  +K  in  d":  Wherefore  i£=— +i-  34+  2.3A.5.6  ' 


3.4  2.3  »4*  .5*^ 


H-h1 


»—  1 


a;  n*n — — -j 

ate.  Confequently  </*in.  +  2. 3. 4.5.6 


#x# —  ix# — ix 


- AY 


;+ 


nxn — xx# — 2  x# — 3X# — 4x3: 

2.34»5«6.7.6 


«— 7 


«— 9 

#x# — ix# — 2  x# — 3X# — 4X# — jx# — 6x# — 7x7/  g£C<t 


2.3.4*  5«6*7*^*.9*  ^  1  •  1 2i 
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i  _j_i_  n  inxn — lxn — 2  nxn — lxn — 2x0 — 3X//—4 

Li  1  3.4"^  2.34.5.6  ’  2.34.5.6.7.6  J 

1  to  the  Value  fought;  which,  when  n  is  a  whole 

pofitive  ^  Vr,  will  be  barely  exprefled  by  dn  in 


7? — | —  r  n  n- 

x  x  nx 

~i+r+34 


n  x  n — 1  x  n —  2  x 


«— 3 


— - —  g£Ct  continued  till 

_  .  2.34.5.6 

it  terminates,  provided  that  the  laft  Term  thereof  when  n  is 
an  odd  Number  be  rejected.  E.  I. 


COROLLARY  I. 

Hence  by  taking  d=  1,  and  n= 1,  2,  3,  4,  5tc.  fucceffive- 
ly,  we  fhall  have 


1  +  2+3  +4 +5+^ . ^ — 

E+2i+3a+4‘+ia--. 


x  .  x 


2  2 

2.  A*1  , 

*  =t  +  --4 


v*2,  y> 


*Y^4"  a/»3 

i!+2!+3!+4'+5' . * “7+7+7 

424 


«v* 

-  i\  -  iA* 


i++2‘1'+34+4++5+ . x 4 — "rH-  — +  ' . 

5  2  3  3° 

<yi^  c  Y+  V2, 

is+is+3s+4s+is . ^  ~r+f +fr~n 


&c. 


&c. 


COROLLARY  II. 

If  a?  be  infinite,  and  n  any  pofitive  Number,  or  negative 
one  lefs  than  Unity ;  the  firft  Term  of  the  Series:,  it  is  manifeft, 
will  be  infinite  in  refped  of  the  reft  of  the  Terms;  and 
therefore  the  Equation  will  in  that  Cafe  become  in-^2n-\~^n 


+4” 


xn= 


x 


1 


n+i 


LAMM  A 


It 
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LEMMA  III. 

jjnO  find  an  Exffiejjion  or  Series ,  which  miffin'- 
*  Jimmie  Towers  of  x  and  known  Coefficients.  r  ,  qual 
to  1XIX3X4X5X6X7X  S,  2cc.  continued  to  x  '  -« 

*  ,  'A  I  -  ,V 

Let  T  denote  the  given  Value,  and  a.  -a L  \  xy  -\-Ax-\-B 
4-Ck~J+Z);r“2,&Cc.  thehyp.Log.  thereof  then  will  x+i—ax 
L:x+ 1,  x-\-i  B+Cxx-yi^'^r Dxx+i^  +  Ex 

8tc.  be=L  :  :  tf+i  ?  from  which  Equation 

by  fubftituting  the  Value  of  L  :  S£c.  there  will 

be  x — a  L:  i+1x+A^Cxx^ri~l--x'~lJrD*xJr  i"~2 — x~2-b 

Sec.  =05  this  converted  into  fimple  Terms 
x~l  ,  x~z  x~~3  ,  x~~ 4  x~~s  .  x~*6 


IS 


T 


+  - - +"“  >  &c. 

3  4  5  6  7  ’ 

*  ,  tf*-*  ax-3  ax-6 

*—  ax~:  H - — -  +—  — —  +-7-  >&c* 

— * — Cv2  ^ + Ex— 3 — Cat”"4 + — Cx~~\  &c. 

*  *  *  — 'iDx~’3-\-?>Dx-* — 4Dat~s+5^)‘x,“'6>  2>tc* 

*  *  #  *  — 3  j&r~4 + 6  Ex~5 — toExr\  &c. 

*  *  *  &  *  — 4jFat~54-  1  OjFat~6,  8c  c, * 

,*****  *  — jGat"6,  &c. 

k  *  *  *  &c. 


=0 


X  T~’ 

^  ~  °> 


Whence  ^=1,  *=— *  C=— ,  Z)=o,  £=~4_5<6 
G  —  — i — ,  H==  o,  i=-'v  1 &c.  and  confequently  .  tf-f-x 

<.6.6.7’  ’  5;-6-7-b 

1 


;+ 


8tc. 


L.x^  ^  ^  2&CX1  1  1260.x’5  16S0.X7  1  ii88a,v\ 

=  L:  Suppofe  .tf==x,  and  the  Equation  will  become  —  1 

4- yj  4  -i - L  g£C.  — o  and  therefore  i?  muft  be  =1  — 

4  1  12  360’ 

v  *  R  •  ?  $  t  * 

—  +-4 - — k-  8tc.  which  fubftituted  inflead  thereof,  gives 

12  360  1200 

*+i 
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Let  a-pb  be  the  given  Binomial,  n  the  Index  of  its  Power, 
r  the  Diftance  of  the  propofed  Term  from  the  firft,  and  put 

s  ==:  n  r  :  Then  fince  the  Value  of  the  faid  Term  is 
nxn — i x# 


2 . . . . n — r-\-ixa*ls 


•  •  •  •  k 

plying  by  1X2X3X4X5. . .  j,have 


,  we  lhall,  by  equally  multi- 
nxn  —  1  ...  3  x  2  x  1  x  as x  br 


which  by  Lemma  III.  is  == 


n 1  n 


xcn 


1.2.3  •• 

*  xas/f 


rx  1.2.3 

nnJrixasbr 


~f\r x7r)  *  x  $'xcs\*  rrxssx  V  crs 7 

m  and  c  being  as  there  Ipecified  ;  wherefore  dividing  by 

nnJrhxasbr 


a+b^  we  have 


rrxssxa-\-b^x  V  crs 


E.  I. 


COROLLARY. 


Because  the  greateft  Term  of  the  whole  Power  is  that 
wherein  the  Exponents  of  a  and  b  are  ro  one  another  as  a  to 

b ,  if  s  be  taken  to  r  in  the  Ratio  of  a  to  A  or  r  ==;--^L 

ci  — b 

and  s— — 7-7,  and  theft  Values  be  fubftituted  above,  we  lhall 
a-j-t?  7 

,  for  the  Ratio  of  the  greateft  Term  to  the  whole 


have 


a+b 


V  abcn 


Powrer  ;  which  therefore,  when  a  and  b  are  equal,  will  be- 

come  — ==  the  very  lame  as  in  Lemma  IV.  Hence  it  is 
v  cn 

manifeft,  that  the  Value  of  c  in  Lemma  III.  is  not  only  near 
but  exa&ly  equal  to  the  Periphery  of  the  Circle,  whole  Ra¬ 
dius  is  Unity  ;  which  there  was  not  eafy  to  determine. 

4 

LEMMA  VI. 

T°  find  the  Troportion  which  the  great eji  Term  of  a  Bino - 
mial,  raifed  to  an  infinitey  or  very  great  Tower ,  bears  to 
a  given  Number  of  Terms  next  it. 

U  Let 
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Let  n-\-b  be  the  propofed  Binomial,  as  above,  ft  the  In¬ 
dex  of  its  Power,  y  the  greateft  Term,  and  /  the  Number 
of  Terms  to  be  taken  on  either  Side.  Becaufe  the  greateft 
Term  is  that  wherein  the  Indices  of  a  ana  b  are  equal  to 

s.  »»d4j-if^beput=t' 

sxby  r 

Term  to  it  will,  it  is  manifeft,  be  =;q^  >  the  next  after 

that  _ s*s—lxl?y  the  n£Xt  f0i[0Wjng  equai 
r+xxr+ax^’ 

jxj— xxj— 2X^_  ancj  confequently  that,  whofe  Diftance 

r+  ixr+^xr+3x^?  _ 

,  sxs — i  xr — 2 . s — /+ 1 

from  the  greateft  is/,  equal  to  r+I  xr_j_2Xr+3 . r+p 

in.  ^  i  and  therefore  its  hyperbolical  Logarithm  equal  to 

& 


L:y+ 


pL\b 
pL:s 
— pL\a 
— pL\r 


+ 


s 

2 

S 

3 

■  « 
s 


I 

I 

JL  Rrr 

2SZ 

4 

3  s' 

8 

4r4> 

16  &c 

0.S1 

9 

3-f’ 

2  7 

4r4J 

2  / 

3jI 

A  %  VVV# 

4  x 

*  +  1 


r 

2 

r 


2  r 
4 


4  > 


2  r 

— 3-1 — 2- 

1   ..2 


•xr1  *  4 f* 

8  16 

h  4r* ,  &c- 


ar 

27 


r  '  2r  3r  4r 
—  Stc.  tofl  Series .... 

But  becaufe  ar  is  =bsypL :  b,-{-pL :  sy—pL :  a,—pL\r  yaniilies 
out  of  the  Equation.  And  the  Numerators  of  the  remaining 

Terms  being  Series  of  Powers,  whofe  Roots  are  in  arithmeti¬ 
cal 


i 
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cal  Progreffion,  their  Sam  will  be  ealily  had  by  Lemma  II* 

'jj!  |  >f)  t  j  I 

and  from  thence  our  Expreffion  becomes  L\y,  — ±- - —4- — 


iff  if—' f+t  '/>— t|4  +  2X/>— l|}  -f/>—  l| 


1 2S  I  IS 

f+p_  ?£+ 3f±f 

zr  nr1  i2  r5 


,&c. 

,  which,  J£  being  final! 


in  re 


fped  to  r  and  r,  will  become  =  Ly—^—^fcxy  near 


na 


ly;  whereby  fubflituting  for  r  and  s  their  Equals  an^ 

we  ftiall  haye  Ly,~~ -^x —  {L\T)  the  Log.  of  that 
Term  whole  Diftance  from  the  greatefl:  is  denoted  by  f  }  and 

therefore  7=jrxi-^-+^— i>  &c.  d,  for  the 

,  /  2 

fake  of  Brevity,  being  put  inftead  of  :  Hence  the  Sum 

of  all  the  Terms  beteen  the  two  expreffed  by  y  and  Ty  with 
the  lafl  of  thele  inclufive,  will)  by  Lemma  II.  be  =yp  in.  i  — r 

df+dy  d*f  ,  df  dy°  ,  dr 


3  n  1  2.jff  2.3.77^  1  2.34.^4  2.3. 4.5.1177 

&c.  very  nearly.  Where,  if  v  be  put 


:  + 


2.3.4.5*6.137^ 


dv  .  d%rf 


=  — ,  or 
n  *- 

it  will  becomes /win.  1-  ~ 

from  whence  the  required  Proportion  is  manifeft. 

C  O  R  O  L  L  A  RY. 

Becaule  the  greatefl  Term  divided  by  the  whole  Series,  or 

AAj-  ( by  Cor.  to  Lem.  4.)  jy  will  be  = 
V  abm 


y 


a-\-h  5 


is 


1 


The  Nature  and 


dt  !  (J  j  n  '“j*"  I 

l  y  which  being  fubftituted  inftead  thereof  in  the  lafr 
V  abcn\ 

of  the  above  Expreffions,  we  fhall  liave  a+l)^  x  /  3  in. 

dv  dzvz  d3v'  -  ,  c  r 

i — - - -■ - ,  ©c.  equal  to  the  bum  of  as 

3  2.5  .  2-3.7  <  2.3 -4-y 

many  Terms,  immediately  fucceeding  the  greateft,  as  there 


2^ 


are  Units  in  7w);  c  being  =,  2x3.1415,  &c.  and  d= 

And  therefore  when  a  and  b  are  equal  the  faid  Sum,  it  is 

•rn.  mil  n  /^*  2‘Z>  4  V  8v* 

manifeft,  will  become  a+b  WX2V  -  in-  r—  —  + - — - 

1  1  c  3  2.5  2.3.7 


2-34-^  2.3. 4.5.1 1  j  2.3.4.5.6.13, 


problem  xxviti. 

C'Uppofing  a  given  Number,  n-{-i,  of  Adventurers,  flaying, 
^  Raffles ,  or  any  other  Game  of  the  like  Nature ,  and 
the  firft  of  them,  A,  to  have  raffled  and  got  fo  great  a  Num¬ 
ber,  that  there  are  only  (a)  Chances  for  a  greater,  (b)  Chan¬ 
ces  for  the  fame,  and  (c)  for  a  leffer  Number ;  To  find  the 
« Probability  of  his  Tinning :  And,  fappofing  the  whole  Stake 
or  Thing  raffled  for,  to  be  in  Troprtion  to  the  Number  of 
T  layers ;  To  find  alfowhat  that  Number  muft  be  to  make  his 
Advantage  by  this  Circumftance  the  greateft  fofflble. 


SOLUTION. 


b-\-c 


Since  ,  —  is  the  Probability  that  no  affigned  Player 
a-\-b-\-c 

gets  a  greater  Number  than  A,  the  Probability  that  no  one 

of  the  (;/)  Players  fliall  bring  up  a  greater  Number,  will  be 

c-\-b 
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*  iii  r 


;  or,  if  c-fb)  be  converted  into  Ample  Terms, 


4f  f  mm^mrn  T  ^  X  T  ^  ^ 

- c”~2£*+7/x - x — —  cn~3b* ,  &c.  (by  Gbr* 


i.);  the  Terms  of  this  Series  being  refpe&ively  equal 
to  the  Chances,  for  o,  i,  2,  3,  Cf)c.  of  thofe  Players  having 
an  equal  Number  to  that  of  and  all  the  reft,  at  the  lame 
Time,  lefler  Numbers:  Wherefore  if  thele  Terms  c",  nf-'by 


nx~ — -  cn^%bt>  5Cc.  be  reipeftively  divided  by  1,  2,  3,  &c\  the 


Sum  of  the  leveral  Quotients  apply’d  to  a-\-b-\-c\n  will  be 

_  4 - - - x - cn~ib\  (3c\  for  the 

i  2  2.3 _ 23  4 _ 

^+^p] 

firft  Part  of  the  Anfwer.  But  this,  by  Lemma  1.  is  = 

jnqw+I _ rK+x  1 

XJ — -  jn>  ■— rfq  ”  ?  or,  if  a+b+c  be  put=j*,  and 

7/-J-IX0  ^  h~ J  ^ 


-  j+y+c] 

_ £«+ 1 

c+b=d,  equal  m  ^  this  therefore  multiplied  by  n+  r, 


the  whole  Stake  is 


n-\-  ixs"b 
.  d”+'— c”+l 


bs" 


,  the  Expectation  of  y/,  in  the 


fecond  Cafe  •  which  by  the  Queftion  mull  be  a  Maximum, 

,  ,  c  .  tj.  .  nd”+l  T  d  «c”+I  ,■  c 

and  therefore  its  Fluxion  -  •  y.L:-—-j-r%L:-=.oi  or 


d”+lxL:-=c”+lL:- ;  Wherefore  putting  the  Hyperbolic  Lo- 
s  s 

garithm  of  S-=h,  and  that  of  S-==g,  it  will  be  ?  = A  whence 

n+L°£-h-LoM.  Q^E.  I. 

Lvg.d—Log.c 
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EXAMPLE 


The  Nature  and  ■ 

...  ;  .  E  X.  A  M  P  L  E.  -  . 

,f  -l.  .  w'  i  •  t  A  J  s  !  f,  +■•••  '  >  4  s'-**  m  .  ^  •  .  « 

\  ^  «•  %  \  ‘  LJ^1*  ’ 

Let  As  Number  be  fuch,  that  there  may  be  only  one 
Chance  for  a  greater,  one  for  the  fame,  and  ioo  for  a  leffer 
N umber ;  then  a  being  —  i ,  b  =  i ,  c  =  i  oo,  d=  i  o  i ,  and  r  =  i  o  2 , 
g  will  be o.  cip8,  and/6=  o.  05*85,  and  therefore  n- f  1,  accord¬ 
ing  to  the  laft  Cafe,  =70;  whence  it  appears  that  the  greateft 
Expe&ation  that  A  can  poffibly  have  in  the  above  Cir- 
cumftance,  is,  when  there  are  69  Players  befides  himfelf;  it 
then  being  about  25.  7  Times  his  own  Stake.  But  if  the 
Players  were  100,  his  Expectation,  by  Cafe  1,  would  be 
only  24  Times  his  Stake,  and  if  they  were  infinite  it  would 
be  indefinitely  finall.  And  from  hence  appears  the  great  Dif* 
advantage  that  even  a 'good  Gamefter,  or  one  that  has  a  great 
Number  of  Chances  for  Winning,  will  have  in  playing  where 
there  are  others  better  than  himfelf,  even  tho*  the  greater 
Part  of  the  Players  are  at  the  fame  Time  much  worfe  than 

himfelf.  -  ~  ■  .  -v-  '  ▼  -• 

PROBLEM  XXIX. 

A  and  B,  whofe  Chances  for  winning  any  ajfigned  Game 
are  in  the  given  ‘Proportion  of  a,  to  b,  agree  to  play 
Pill  n  fakes  are  won  and  lofl,  on  Condition  that  A,  at  the 

Beginning,  of  every  Game  fball  fet  the  Sum  p  to  the  Sum  px-, 

fo  that  they  may  play  without  Difad, vantage  on  either  Side ; 
9Tis  required  to  find  the  prefent  Value  of  all  the  Winnings 
that  may  be  betwixt  them  when  the  Play  is  ended . 

SOLUTION 

Let  s  be  that  Term  of  a'Vfb |"  expreffed  in  a  Series,  where 

the  Exponent  of  the  Power  of  a ,  divided  by  that  of  b7  is,  as 

near 
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near  as  may  be,  equal  to,  but  not  lels  than  and  let  theDi- 

ftance  of  that  Term  from  the  firft,  or  the  Index  of  b,  in  the 

^  * 

laid  Term,  be  denoted  by  d :  Then  becaufo  ncC'—'b^  nx—1 
an~2bz,nx'L~xn~Lan~ifa  the  former  Terms  of  that  Series 
are  (as  has  been  found  in  Trob.  5)  the  relpeftive  Chances  for 
A*§  winning n—  1,  n — 2,  n — 3,  &c.  Games  precilely,  or  gain¬ 
ing  the Sums^x/L  xn — 1 — p ,  ^~xn — 2 — ipj^xn-*.  2 — rip* 

a  7  a  x  7  a  a  J  7 

if  thole  Terms  be  refpe&ively  drawn  into  thefe  Sums, 

,u-h\rH  xn — 1 — -y>,  &c.  the  foveral  Produdts 


a 


a 


be  added  together,  and  the  whole  be  divided  by,  a+b]\  the 


total  Number  of  Chances,  we  fhall  have  ^SX7*—jin  for 

dX  Cl  —j—  Iy\ 

half  the  Value  fought-,  which  when  the  Ratio  of  the  above 
laid  Exponents,  is  exaftly,  as  a  to  b,  will  become 

pbns  _  n _ d  n 

bpCFF '  ’  or  then  n—M=da,  and  — ——Jjp,  QiE- 1. 


a 


COROLLARY;  II. 

Hence,  if  n  be  a  very  great  Number,  ===y*  being 


ci  ~\~b 


a-\-b\ 


V'abcn^  ^y  ^emnm  5*  the  Value  in  this  Cafe  will  be 

foyj  | 

ac 7  6  being,  as  there  fpecified,  equal  to  the  Periphery 
of  a  Circle  whofe  Semi-diameter  is  Unity. 

•  {*  ^  -  j  j  [ 

-  '  E  X  A  M  P  L  E  I. 

Let  ^=2,  b~  1,  ^>=1,  and  ^=8  ;  then  taking  the  third 

Term  of  a* b i%ab b* ^ 56a? b\  &c*  becaule  the  Ratio  - 

3 

of 
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84 
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of  the  Exponents  in  the  next  Term  is  lefs  than  ^j,  there  will 

be  L  X^.8=i.  for  the  true  Value  in  this  Cale. 
a+M  ’2187 

EXAMPLE  II. 

Suppose  a— 1,  b—  1,  />=i,  and  »=roooo;  andwelhall 

have  2PV  — =2 ✓  -=79.8  ;  but  if  »  had  been  fuppofed 
x-  ac  c 

1000000,  the  Anfwer  would  have  been  only  798. 

PROBLEM  XXX. 


' TWO  Gamejlers ,  A  and  B,  equally  skilful ,  enter  into  T lay 
together ,  and  agree  to  continue  the  fame  till  (n)  Games 
are  'won  and  lof .  *Tis  required  to  fnd  the  cProbability  that 
neither  comes  off  aJTwner  of  r/ n  Stakes ,  and  alfo  the  Pro— 
lability  that  B  is  never  a  Winner  of  that  Number  of  Stakes 
during  the  whole  Time  of  the  ‘Play ;  r  being  a  given ,  and  n 
any  very  great ,  Number. 


SOLUTION. 

If  from  1  + 1  raifed  to  the  n  Power  be  cut  off  the  firft  half  of 
the  Terms,  and  as  many  of  the  laft  of  them  be  taken  as  theie  are 

Units  in  — -  and  divided  by  r+Tf,  the  Quotient  will,  by 

tV  u 

Prob.  5,  be  one  half  of  the  Value  fought :  But  the  faid  — — 

rV n 

Terms  according  to  Cor.  to  Lem.  6,  by  fubftituting  — — 


y  yO4  y^ 

inftead  of  V'vn],  will  be  i  +  in ^n*  1  J~2^r2.j-4 

_rL  + _ - — - _ f- - + - C— And 

2.3.7.^  ‘  2.3,4.51.15  2.3.4.5.11.32  2.3.4.5.0.13.04 

therefore 


The  Nature  and 


8/ 


therefore  the  Double  hereof,  divided  by  i+ifgives  ~r~  in.  i 


-£+ 


n 


3.2  2.5.4  2.3.7. 8’ 


T 

or  -75>8,  ©c.  xr  in.  1 — ~ — |- 


r 


-‘5*4 


+ 


„  .  - for  the  firlt  Part  of  the  Anfwer:  But 

2.37.8  2.3.4.5U6’ 

this  is  alfo  the  Anfwer  in  the  other  Cafe,  as  is  manifeft  from 
Cor.  to  Trob.  25.  E.  I. 


COROLLARY. 


If  the  Probability  fliould  be  given  =  j,  and  the  Value  of 

r^ 

r  be  required;  then  it  will  be  .798,  &c.  xr  in.  1— — | - 

3*2  2,3,4 

1  • 

— - j,  &c.  =-  ;  where  r  will  be  =0.674,  &c. 

Hence  it  appears  that,  however  great  n  may  be,  it  is  an  equal 
Chance  that  neither  of  the  Gamefters  comes  off  a  Winner 
0.674  V''  n  Stakes :  And  from  this  and  the  laft  'Problem  it  may 
be  alfo  obferved,  that  tho'  a  Gameller  may  at  fome  Times  be 
avery  great  Winner,  or,  on  the  other  Hand,  a  very  great  Loler, 
yet,  at  Long-run,  there  is  almoft  any  affigned  Odds,  if  he  al¬ 
ways  plays  upon  an  Equality  of  Chance,  that  there  will  fcarcely 
be  any  Comparifon  between  his  Lofs  or  Gain,  in  the  End, 
and  the  whole  of  the  Money  he  ventures ;  And  fecond,  that 
if  an  Event  after  a  great  many  Tryals,  is  continually  found 
to  fail  or  fucceed  more  frequently  than  it  fliould  according  to 
the  known  Chances,  by  which  it  feems  to  be  decided,  there 
is  the  greateft  Reafon  to  fufpeft  that  that  Event  is  affe&ed 
or  govern'd  by  fome  other  Gaufe  which  we  are  unacquainted 
with. 
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